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TODA AND KDV

DAVID GIESEKER

Abstract

The main object of this paper is to produce a deformation of the KdV
hierarchy of partial differential equations. We construct this deformation
by taking a certain limit of the Toda hierarchy. This construction also
provides a deformation of the Virasoro algebra.

1. Introduction

Our aim in this paper is to produce a deformation of the KdV hi-
erarchy whose existence was conjectured in [5]. To describe KdV alge-
braically following Gelfand and Dickey [2], let

Ro = C[’LU(O), w(l), .. ]
be a polynomial ring in infinitely many variables. Introduce a C deriva-
tion 0 on Ry by

ow®) = o+,

An element of Ry is intended to represent an abstract differential oper-
ator in one variable. If f is a C* function on R, then define

rn-r(rL..),

i.e., substitute f for w(®, % for w| ete.
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172 D. GIESEKER

To describe translationally invariant PDE’s algebraically, consider
C derivations D of Ry which commute with 0. The set of such D is
naturally just Ry under the correspondence D — D(w(?)). So Ry inherits
the structure of a Lie algebra, since the commutator of two derivations
is a derivation. Let
Ky = w® 4wy

called the KdV element of Ry. One of the main results of KdV theory
is that K lies in a large abelian subalgebra of Ry. In fact, there is a
sequence of elements K,, of Ry so that K41 is not in the linear span
generated by the lower K, ..., K; and all the K commute. These K}
are called the KdV hierarchy.

The main object of this paper will be to produce interesting defor-
mations of the KdV hierarchy. That is, we seek to produce mutually
commuting Ly € Ry[[e]] which become the K} when we set € = 0, where
Ro|[[€]] is the formal power series ring in e.

While the ring Ry captures much of the algebraic structure of KdV,
sometimes one considers solutions or representations of KdV. Suppose
that M is an analytic manifold and let Py = 0, Py, ... be derivations of
Ry commuting with 9. Let xo, x1,-- ., be vector fields on M and let f
be a function on M. We say that f, xo, x1,..., form a representation of
Py, Pr,. .., if

() = PelF XD 3, ),

where we regard the vector field x; as a derivation on functions on M
and x = Xo.

The main example of representations of the K, is the following: Let
X Dbe a hyperelliptic curve and let ) be a Weirstrass point. Let

¥:HY(Ox) — C

be the theta function. Then we can find translationally invariant vector
fields, xo, X1, - ., so that if

f=x5(log ),

then f, xq,..., form a representation of the KdV hierarchy.

Our aim is to develop a difference version of KdV hierarchy to ob-
tain a deformation of the KdV hierarchy. Here the idea is basically to
discretize a differential equation. The heuristic motivation for these dis-
cretizations in given in [5]. To be rigorous we need a method to describe
difference equations. We consider the ring

Sl :C[...,Xfl,Xo,Xl,...;...,Yfl,}/o,yvl,...]
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and let
52:C[...,a,l,ag,al,...;...,b,l,bo,bl,...].

Let T : Sy — So be the C algebra homomorphism defined by T'(a,) =
an+1 and T'(by) = bp+1. Now given P, @) € S1, we can define a derivation
DP’Q . SQ — SQ by

DP,Q(an) = P( s 7an—17d’rl7an+17 ceegee 7bn—17i)’n;bn+17 s )

and

DP,Q(bn) = Q( .. 7a/n71,dn7an+1’ ceege .,bnfl,bn,bn+1, e ),

where the " indicates that a,, should be substituted for Xy and b,, should
be substituted for Yp. This construction gives all the derivations of So
commuting with 7" and so introduces a Lie algebra structure on 51 & 5;.
The interesting example is the Toda equations:

Ty = (P1,Q1) = (Y_1 — Yo, Yo(Xo — X1)).

The main theorem here due to Toda, Flaschka and many others is that
T lies in an unexpectedly large Abelian sub-algebra of the Lie algebra
S1 @ S1. In fact, there is a whole sequence of mutually commuting T}, €
S1 D Sy

We can also describe solutions of the Toda hierarchy using algebraic
geometry following van Moerbeke. Let N be a positive integer. Let C
be the space of all complex valued functions on Z. Let T : C — C be
translation by N, T'(f)(n) = f(n+ N). Let Cx be the set of translation
invariant functions: T'(f) = f. Given A and B in Cy, we define

L(A,B) :C—C
by the formula

Lia,py () (n) = ¥(n+1) + A(n)y(n) + B(n)y(n — 1).

Thus L(4,p)(¢) is a second order linear difference operator. By defini-
tion of Cy, the operators L4 gy and T' commute, so we can reasonably
look for common eigenfunctions of these two operators. If you think of
L4 p) as a discrete analogue of a Schrédinger operator, this amounts
to finding the energy levels with a given quasi-momentum of a particle
traveling through a periodic potential, a problem frequently encountered
in solid state physics [1]. We then define the Bloch spectrum B4 gy of
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L(4,p) to be the set of (A, a) € Cx C* so that there is a nonzero function
Y with L4 g)(¢) = Mp and T(¢)) = arp. By projecting to the \ axis,
it is easy to see that B4 p) is a hyperelliptic curve, possibly singular.
Indeed, there are in general two values of o associated to any fixed A.
B(a,p) can be compactified to a curve E(A,B) by adding two points P
and @ over A = oo. It turns out that the divisor N(P — Q) is linearly
equivalent to zero. It also turns out that B4 p) does not determine
(A, B). There are interesting ways of moving (4, B) so that B4 gy re-
mains fixed. Such a deformation of (A4, B) keeping the Bloch spectrum
fixed is called an isospectral deformation. The set of all (A’, B’) isospec-
tral to (A, B) turns out to be isomorphic to the Jacobian of B(A,B) in a
birational sense for generic A and B. In particular, any linear flow on
the Jacobian becomes a non-linear flow on Cy x Cp, which in turn is a
linear combination of Toda flows. For example, there is a linear flow on
the Jacobian so that if (A, B;) indicates the flow of (A, By) after time
t, then

dA(k)

dt

= Bi(k — 1) — By(k)
and

dBy(k)

dt

Conversely, given a hyperelliptic curve C' of genus g and two points P
and () on C' and a suitably generic line bundle £ of degree g so that
N(P — Q) is linearly equivalent to zero, we can define Az and B, in
Cn so that linear flows on the Jacobian become Toda flows on Cxy X Cy.
(See [7] for instance.)

[5] developed a method for taking the limit of Toda equations. Our
purpose in this paper is to develop an algebraic framework for these
limits and to prove the main conjecture of [5]. Here is a formalism to
allow us to make sense of taking a limit of Toda equations. Let

R= C[v(o),v(l), o w©@ M .

= By(k)(Au(k) — Ay(k + 1)).

Again we introduce a derivation d by dv®¥) = v(**+1) and by considering
Ry as a subring of R. We think of elements P € R as being differential
expressions in two functions f and g:

P(fv.g):P<f7;l£avg7ZZa>

For k € Z, let Ey : R[[¢]] — R|[[¢]] be defined by
Ei = exp(ked)
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as a formal power series in €. Now suppose we have (P, P,) € S1 & 5.
We can then define a derivation Dp, p, : R[[e]] — R[[¢]] commuting with
0 and continuous in € topology by

(1) Dy p, () = Pi(., By (09), Bg (0 ), By (), ..
B (@), By (w), By (w®),..)

and

2)  Dpp, ) =P, E1(00), By @), By (v,
L E_1(w™), Eg(w®), By (w®),...),

where the ~ is again a place holder. Define a C algebra endomorphism
of R[[¢]] commuting with 9 by

d(v®) = —2 4 20O

and
d(w) =1+ Zw®,

® does not have an inverse on R[[¢]], but does have one on R((¢)), the
ring of Laurent series in e which contain only finitely many negative
powers of € and finally define

_ / —1
DPLPQ - (I)DP17P2<I> :

In particular, it turns out that we get a series of mutually commuting
derivations

(3) Dr,

of R[[¢]] coming from the Toda hierarchy.

Suppose that P € Ryl[¢]] and consider the element W = v(®) — P
and let Zp be the closure of the ideal of R[[¢]] generated by W, OW,
0?W , etc. Notice that R[[e]]/Zp is naturally isomorphic to Ro[[¢]]. The
following is one of our main results:

Theorem 1.0.1. There is a P so that Ip is invariant under all
the Dr,. Thus the Dy, induce derivations Dr, of Ro|[e]]. Suitable linear
combinations of the D, over C((€)) are a deformation of the KAV
hierarchy.
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We construct this P recursively in powers of €. Suppose we have
found a P which works to order €” and we write P’ = P+¢"P;. For Dy,
to preserve Zp: to order e®! it turns out that there is an element Q,,
computed in terms of the original P so that 0P, = Q. But it is not at
all obvious why @Q,, should be the total derivative of anything. Thus at
each stage of constructing P, we meet a highly nontrivial obstruction.
We will show that there are lots of functions g so that

(4) / " Qulg) =0

for generic z € C. If (4) is true for generic enough g, then @, is a
derivative.

We define a generalized idea of representations. Suppose that we
have an element P € R. Let M be an analytic manifold and let x be an
analytic vector field on M and let f and g be two meromorphic functions
on M. We define P,(f,g) to be P(f,xf, X*fs---+9,X9, X9, --.). Next,
suppose we have a function A on M. For any given N € Z*, we can
extend this definition to P € R[[¢]] by

o) N
Px,N(Z Pne”)(fag) = Z thn,X(fa g)
n=0 n=0

If h1 and ho are two functions on M, we say
hi = hy mod RN

if (hy — hg)/hY is analytic at all the points P where both h is equal to
zero at P and both h; and ho are analytic at P. We will use a similar
terminology for vector fields on M.

Suppose we are given derivations Di,..., D, of R][¢]] and we are
given vector fields x, x1,..., xn on a manifold M. Suppose we are also
given a function h on M which is killed by x and all the ;. We further
suppose that the f and g do not have poles along the set {h = 0}.

Definition 1.0.2. In the above situation, we say that (f,g,h; X,
X1s- - -5 Xn) form a representation of D1, ..., D, if

Xi(P(f,9)) = Dixm(P)(f,g) mod hY

for any P € R|[[¢]] and any positive integer N and M sufficiently large
depending on N. We also assume that these equations are true with
the convention that Dy = 0 and that xo = x.
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Definition 1.0.3. We say that D; is slow under the above repre-
sentation if D;(P) is not in the ideal (¢) C R[[¢]] for some P € R[[€]],
but x; vanishes on the set h = 0.

We can construct representations using algebraic geometry. Let T
be the disk in C and let 7 : X — T be a smooth proper family of curves
of genus n. We will suppose there are sections P: T — X, Q : T — X,
R : T — X so that for each t € T', we have P(t) + Q(t) is a divisor on
X; = 77 1(¢) linearly equivalent to the divisor 2R(t). We will assume that
P(0) = Q(0) = R(0). Choosing a homology basis of Hy(X,Z), we can
identify CY9 x T locally with the relative Jacobian of the family X — T.
Suppose v € Hy(X,Z) is given. We will suppose there is function h on
T so that

) [ 1::) o= h(1) / y

for all holomorphic one forms on &X; = 7~1(t). Geometrically, (5) says
that under the Abel-Jacobi map which sends a piece of the curve to
C9, the secant line from @ to P passes through ~. This is meaningful
as long as P(t), Q(t) are all close together. Under our identification, a
point (v,t) € C9 x T gives a line bundle £ on &;. When h(t) = 1/N
for N an integer, we can introduce the functions A, and B, as being
defined at points (v,t) with h(t) = 1/N. It is easy to see that there are
meromorphic functions f and g which coincide with A and B, and these
f, g and h and certain linear flows produce a representation of the Toda
Dr,.. Further, by studying the geometry of the situation, we can show
that this representation is slow for Dy, 4+ 2D, . This turns out to mean
that f can be computed asymptotically up to an additive constant from
g. Lemma 2.6.1 contains the crucial step. It says that if f is computed
in terms of g up to order A" and if the representation is slow, then we
can compute f in terms of g up to an additive constant modulo A1,
This computation is just that there is a P € Ryl[[e]] so that f = P(g)+C
and this P is the desired P of Theorem 1.0.1. This is a strange relation,
since for any particular IV, there’s no relation between A and B. The
subtlety here is that the geometric genus of the Bloch spectrum for a
arbitrary A and B of periodicity N grows with N, but the geometric
genus of the Bloch spectrum associated to the A, and B, above remains
g, although the arithmetic genus does grow as we let h(t) = 1/N. In fact,
X is the normalization of the Bloch spectrum, but the Bloch spectrum
has many nodes which are resolved by the normalization. Further, the
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line bundle £ on the normalization of the Bloch spectrum becomes a
torsion free sheaf on the Bloch spectrum, which is not locally free at
new nodes.

The basic problem turns out to be to construct lots of such repre-
sentations. We look at families of curves inside P! x P! of bidegree
(n+ 1,2) with affine coordinates x and y. Intuitively, the condition (5)
imposes g — 1 conditions, so there should be lots of curves satisfying the
condition (5). We investigate curves near the following curve Cy defined

" ) 1 1 1
o (s- ) (o A) (o ).

Our object roughly is to show that the subset of curves satisfying (5) is
smooth of codimension g—1 near Cy. Further, we let Ly be a line bundle
on Cy of degree n which has degree one on all the vertical components
{0 = (z—1/k?)} of Cy and degree zero on the component {y*> —x = 0}.
Then we can explicitly calculate the functions f and g we are interested
in when we deform the pair (Cp, L) in certain directions. For instance,
when we deform one of the nodes of Cjy away, but still have the curves
satisfying (5). This gives enough information to produce generic enough
g's.

There are several technical problems in establishing our results. One
is finding a suitable definition of generic. Another is that f is only
determined up to a constant by ¢g. This problem is overcome by a
monodromy argument Lemma 3.7.4.

The sequence of commuting derivations D7, can be put in the con-
text of Poisson brackets, so that we can consider algebraically the setup
of Hamiltonian completely integrable systems with conserved quantities
in involution with respect to a Poisson bracket and the associated flows
from the conserved quantities. I learned about this type of construction
from papers of E. Frenkel. Let

R=Cl...,a_1,a0,a1,...,b_1,bo,b1,...].

We say a monomial in the a; and by, has weight r if the sum of the
subscripts of the a; and El sum to r. So the monomial dldgl;,g has
weight 0. Let I, C R be the C span of all the elements of weight k. Let
Mp be the ideal of R generated by

&N,&NJrl, ey AN AN —1ye ey .,bN,bN+1,. . .,b,N,b,Nfl.
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Let fk be the completion of I with respect to subspaces I, N My as
N — oo. Then
F=Phk
k

is called the Fourier ring. F is naturally a graded ring. We can construct
a series of maps f, : R[[e]] — F[[€]] so that (@) = é, and f,(w®) =
b, and the f,, behave like Fourier coefficients, e.g.,

fa(HK) = > fu(H)Hi(K).

k+l=n

One can form an analogous ring Fq from the ring
Ry=Cl[...,b_y,by,by,...].

One can then show that the Toda derivations on R[[e]] induce deriva-
tions on F[[e]] which are compatible with the f,,. Now each Toda lattice
can be put in a Poisson framework and we can make a formal version
of these Poisson brackets to obtain a Poisson bracket on F[[¢]]. Further,
the Toda flows on F|[[e]] come from conserved quantities in F[[e]]. Let
Ip C FJ[€]] be the closure of the ideal generated by all the Fourier co-
efficients f,(v(®) — P) for n # 0 and a certain Casimir. Then we can
find an induced Dirac bracket on F[[e]]/Zp ~ Fo[le]] so that the Toda
derivations come by bracketing with conserved quantities. Further, we
can find (3 € F[e]]/(Zp) for k € Z so that modulo € the 3}, generate Fy
topologically and satisfy the defining relations of the Virasoro algebra
modulo e.

A similar construction of the deformation of KdV discovered by
Frenkel and Reshetikhin [4] in terms of difference equations has been
made by Frenkel [3]. I believe the techniques of this paper will produce
many such deformations of KdV hierarchy as well as deformations of
Wh-algebras. [6] contains some very interesting work on deformations of
KdV inspired by [5], which was produced independently of this paper.

2. Differential algebra

2.1

Let R be the ring of polynomials with complex coefficients with gener-
ators v and w() where i and j run over the nonnegative integers,

R= C[U(O),w(o),v(l),w(l), .
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We introduce a C derivation 9 by the formulas

o) — D)

and
dw® = o+,

Then 0 on any polynomial in R is defined by the Leibnitz rule. We have
a subring Ry C R defined to be the ring generated by the w(™.
This ring R is considered to be the ring of translation invariant dif-

ferential operators in two functions f(z) and g(z). An element of R can
be regarded as such a differential operator by making the substitutions

2" f(x)
(n) _
v ox™

and

ox™
so that 0 just becomes % If P € Rand f(x) and g(x) are C* functions
of x, then we define

P(f,g)(x)

to be the result of making the above substitution. So for example, if
P = vMw® then

X 2 x
P(f,g)(a) = 21D T9)

If f and g depend on a auxiliary variable ¢, then we write P(f, g)(z,t).
The ring R can be used to study systems of equations:

WD~ b g
ag(ax]; t) = Q(fvg)(x7 t)7

where P and @ are elements of R. We can encode the pair (P, Q) by
defining a derivation D p q).

Definition 2.1.1. D(pg) is the derivation of R commuting with
the derivation 9 with the additional properties

D(PyQ) ('U(O)) =P

and
Dpoy(w!?) = Q.

Any derivation of R commuting with 0 is of this form.
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2.2

We will mostly be concerned with the ring R[[¢]]. The elements of this
ring are formal power series in € so that the coefficients of € are just
elements of R. We extend 0 to be a continuous derivation of R|[[¢]]
by taking de = 0. We next introduce an important series of maps
Ex : R[[e]] — R|[[¢]] by the formulas

K220°P kPSP P
- -

Ek(P) = P+ kedP + 21 30

Formally, we can write

Ey = exp(ked).

We have that
EyE; = By ;.

Note that Ej(v(?) is just the Taylor series for f(x + ke)

n kedf(x) n

Ep(v)(f(2), 9(2)) = f(2) o S

when we make the substitution of f(x) for v(®) described above. Note
that if D is a continuous derivation of R[[¢]] commuting with d and
D(e) = 0, then D is uniquely specified by D(v(?)) and D(w®). Con-
versely, given F' and G in R][€]], we can find a continuous derivation D
commuting with 0 and with D(e) = 0. Let us call such a derivation a
tame derivation.

We will use the ring R[[¢]] to describe the asymptotic behavior of
difference equations.

Definition 2.2.1. 5] is the ring of polynomials in the variables
v, X1, X0, Xq, Xo, .

and the variables
LY 1Y, Y, Y5,

In our context, a difference equation will be given by two polynomials
Py and P, in the X; and Yj. In order to facilitate substitution, we will
write

Pl(...,a,i),c,...;...,a,B,v,...)
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to mean the result of substituting a for X_;1, b for Xy, ¢ for X; and also
substituting o for Y_1, 0 for Yy, etc. That is the " is just to indicate
the variable to be substituted for Xy or Y. Let S5 be the polynomial
ring over C with variables ... ,a_1,a9,a1,... and ..., b_1,bg, b1,.... (Of
course, R, S1 and Sy are all the same polynomial ring on a denumerable
number of variables, but it is convenient to have different names the
variables.) Given P; and P, we can define a derivation Dp, p, of Sy by

DPhpz(an) = Pl( - ,an_l,dn,an+1,. ey 7bn—1;bn7bn+17 .. )
and

Dpl,Pg(bn) = P2( . 7an71;&naan+17 o ) . -7bn717bnabn+la e )

Let T be the automorphism of Sy defined by T'(ay,) = an+1 and T'(b,) =
bpt1. Then Dp, p, is translation invariant in the sense that Dp, p, com-
mutes with T. Conversely, any derivation of So commuting with T is of
the form Dp, p,. Since the commutator of derivations is a derivation,
this allows us to define the commutator of (Py, P») with (Q1,Q2) by

D[(P1,P2),(Q1,Q2)] = [DP1,P27DQ1,Q2]-
We will now define a continuous derivation Dp, p, of R[[€]] by

(6) Dp, p, () = Py(..., E_1(v©), Eg(0 @), E; (v, .. .;
. 7E71(w(0))7 EO(w(O))> El(w(O))> .- )

(1) Dpp,(w®) = Py, EL (), By (v ), Ex(v?), ..
L E_1(w ), Eg(w®), By (w®),...).
We then define
DP1,P2 (U(n)) = 8nDPl,PQ (U(O))

and
DP1,P2 (w(n)) = anDPLPQ (w(O))

and extend by the Leibnitz rule. Note that the commutator [Dp, p,,0]
vanishes on the generators v(™ and w(™, so Dp, p, commutes with 0.
It is an exercise in the chain rule that

[D(p,,po)s D(01,02)] = Di(py,P2).(01,02)]-
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2.3

Suppose that we have an element P € R. Let M be an analytic
manifold and let x be an analytic vector field on M and let f and
g be two meromorphic functions on M. We define P,(f,g) to be
P(f,q,xf,x9,X>f,X?g,...). Next, suppose we have a function h on
M. For any given positive integer N, we can extend this definition to
P ¢ R[] by

00 N
Py N <Z Pne”) (f.9)= Z h" Py (£, 9)-
n=0 n=0

If hy and ho are two functions on M, we say
hi =hy mod Y

if (hy — ha)/hY is analytic on an open dense set of the set {h = 0}. We
will use a similar terminology for vector fields on M.

Suppose we are given tame derivations Dy, ..., D, of R[[¢]] and we
are given vector fields x, x1, - - -, Xn. SUppOse we are also given a function
h on M which is killed by x and all the x;. We further suppose that
the f and g do not have poles along the set {h = 0}.

Definition 2.3.1. In the above situation, we say that p = (f, g, h; x,
X1,---5Xn) is a representation of Dy,..., D, if

Xi(P(f,9)) = Dix.mu(P)(f,g) mod r™

for any P € R[[e]] and any positive integer N and M sufficiently large
depending on N. We also assume that these equations are true with the
convention that Dy = 9 and that xo = x. We define p(P) = P(f,g). We
will only use p(P) in congruences modulo iV, so in the context of con-
gruence, the formal power series in h makes sense. Analogously, suppose
that D1,..., D, € Rol[€]]. p = (g,h; X, X1, - - -, Xn) is a representation of
Dq,...,D, if
\i(P(9)) = Diyar(P)(g) mod bV

for any P € Ry|[e]] and any positive integer N and M sufficiently large
depending on N.

In the Definition, it suffices to check the cases P = v(® and P = w(©
to check the equality of the definition for all P, since both sides are
derivations.
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Definition 2.3.2. Suppose D = ) a;D;is a linear combinations of
the D;. We say that D is slow under p if there is a P € R|[[¢]] so that
D(P) is not in the ideal (¢) C R[[e]], but > a;x; vanishes on the set
h = 0.

24

We will be constructing representations be in the following context: Let
V be an analytic manifold and let M =V x CY9. Let 7 be the projection
of M onto V. h will be the pullback of some function on V via .
o = o0y and o1, ...,0; will denote sections of 7, o : V — M. Now any
section 7 of 7 induces vertical vector field D, on M by

D (F)(e) — tim L P7E) = S @)

p—0 p

We can define representations of R][[e]] when we have C*° functions
f and g which satisfy difference equations.

Proposition 2.4.1.  Suppose that f and g satisfy the following
equations:

(8)
Dy, (f)(@)=Pra(- .. f(z = h(z)o(r(x))), f(2), f(x + h(z)o(m(2))),...;
9 = Mz)o(n(z))), §(x), g(x + h(z)o(n(x))),...)

(9)

Do, (9)(@)=Pynl..., f(z = h(z)o(n(2))), f(2), f (& + h(z)o(n(2)), .. ;
9@ = h(z)a(n(x))), §(x), g(z + h(z)o(n(z))),...),

where Py, are in S and the " is the place indicator. We let Dy, be the

element Dp,, p,,, a tame derivation of R|[e]] defined above and let x) =

D,, and x be Dy. Then (f,g,h; X, X1,---,Xn) form a representation of
D1,...,Dy.

Proof. All we need to do is to check that

xi(f) = Di,x,N(U(O))(f, g) mod N

and
xi(9) = Di,X,N(w(O))(f, g) mod AV,
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In fact,

(10)
Dy n (W )(f,9)
= Pon(e.o (2 — @) (m(@), @), £+ h@)o(x@)),
. g(x = hx)o(r(x))), §(x), g(x + h(z)o(x(z))),...) mod AV,

This in turn follows from

f(x + ph(z)o(n(2)) = Ey(v'”) v (f,9) mod k",

which in turn is just Taylor’s theorem. q.e.d.

2.5
We will frequently use this construction when
f==2+1f
and
g=1+hg,

where f; and g; are meromorphic functions of M which do not have
polar divisors containing {h = 0}. To this end, define a C algebra
endomorphism of R[[¢]] commuting with 0 by

d(v) = —2 4 20O
and
d(w) =1+ Zw®,

® does not have an inverse on R][¢]], but does have one on R((€)), the
ring of Laurent series in € which contain only finitely many negative
powers of e.

Definition 2.5.1. Suppose D is a tame derivation of R[[e]]. We
define a new derivation Dg of R((€)) by

Dg = ®Dd L.

In situations we will be considering Dg will turn out to be a tame
derivation of R][e]].
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Lemma 2.5.2. Suppose f = —2+ h%fi and g = 1+ hgy. If

p:(fagvh;X7X17"'7Xn)

is a representation of Dy, ..., Dy then ps = (f1,91, 0 X, X1s- -+ Xn) 1S
a representation of D1 &, ..., Dp.s.

Proof.
(@(P))(f1,91) = P(f,9)

for any P € R[[¢]]. So

W) (@) 1) = (P(f.9)
Di(P)(f.9) mod A"

®(Di(P))(f1,91) mod "
(Dél)(q’( ))(fi,91) mod h.

Given Q € R[[e]], we let P = ®~1(Q) and then we have

Xi(Q)(f1,91)) = (Do) (Q)(f1,91) mod hY

so we have a representation. q.e.d.

Next we work out a simple example of these definitions. We take
P=Y 1-Y€5

and
Py = Yp(Xo — X1).
These are the Toda equations. Then define Dy by
(12) D1(v®) = w® —wWe 4 w@e2 /2 4 ... —
= —wWe+ w220+ ...

and
Dl(w(o)) - w(O)(,U(l) _ 0(2)6/2! +--0).
Then
D1, v D) (f,9) = —hx(g) + B*x*(g)/2! + - --
and

D1y n(wO)(f, 9) = g(=hx(f) = B23(f)/20+ -+ -).



Tobpa aAND KDV

So if (f,g,h;x1) is a representation of Dj, then we will have

x1(f) = =hx(g) + h*x2(g)/2! + - --

and
x2(9) = g(=hx(f) = BX*(f) /2! +--+),

where these equations are taken to be true near {h = 0} modulo high
powers of h, so the expansions are considered to be asymptotic.
2.6

Recall that Ry C R is the C algebra generated by the w(™. Next, we
consider P € Ryl[e]] and assume that

P=w" +eP.
Assume we have a representation (f, g, h;x, x1) of Di. Assume that
D1(v0) = o™ — ™ 4 ey

and that
Di(w®) = w® — oM 4+ eQ,.

Assume that this representation is slow for Dj, so that x1 vanishes on
h = 0. Let D be the derivation defined by

D) = o™ — M
and
D(w®) = w® — M),

Then
D1 =D + 65.

Let W = (v(® — P) and let Zp be the closure of the ideal generated
by W, 0W, 9?°W,....If Q € R[[€]], let Q be the image of Q in R][[¢]]/Zp.
Then there is the natural map

o1 : Ro[[d] — RIld}/Z.

Note that oy is an isomorphism. We let ¢(Q) be o;(Q). Thus o(Q)
is just the result of replacing any occurrence of v(¥ in Q by P, any
occurrence of v(1) by 9P, etc.

187
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Lemma 2.6.1. Given P and D; as above, there is an H € Ro[[€]]
so that if
p(0® — P)=0 mod r"™

Then
X(p(v? = P)) = p(H) mod A",

Note that 'H does not depend on p.
Proof. We let s = p(v(®) — P). Notice that if Q € R, then

(13) p(Q) = p(c(Q)) mod A",
since P = o(v(®) and

(14) () =

Let x = x1(s). Then

(15)
z=p(D1 (v - P))
= p(D1 (v —w — ePy))
= p(D —w® —eP) + e£(v® — —ehy))
= p(20('” — w) + e(p(~D(P1) + (v 0 —w® —¢(Py))
= 2x(p(v @) + p(=w')) + e(p(~D(P1) + £ — @ —ePy))
= 2x(s) + 2xp(P) + p(—2w)) + e(p(=D(P1) + EWO — w® —ePy))
= 2x(s) + p(20P — 20) + €(p(=D(P) + EWD — w® —eP))).

Noting that p(o(=D(P))+E (v —w(® —ePy))) is congruent to p(—D(P;)
+EW® —w©® —€ePy)) modulo A" from (13), we can continue
(16) = 2x(s) + p(c(20P — 2wV

+e(—D(P) + EWD —w® —¢eP)) mod A"

But
x=0 mod A"t!

since D1 is slow for p so we obtain the conclusion of the lemma. q.e.d.
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Definition 2.6.2. Let D;(v(®) = P; and D;(w®) = Q;. We say
D1,...,D, are A-nice if

F; (v(o) —i—K,v(l),...;w(o),w(l),...>

and

Definition 2.6.3. Let D;(v(9) = P; and D;(w®) = Q;. We say
the p has weights r1,...,ry, if

P (uv(o), uv(l), - uzw(o), qu(l), .. )

= uTi_PZ. <U(0),U(1)7 . ;w(o)aw(l)u e ) :
and

Q; (uv(o),uv(l)7 cel u2w(0), u2w(1), .. )

= UTL+1Q’L (U(O)a U(l)v st ) w(0)7 w(l)? . ) ‘

Remark 2.6.4. Note that if the D; are 1-nice, then D; ¢ are e2-nice.

Definition 2.6.5. Suppose that p = (f,g,h, X; X1, -, Xn) is a €-

nice representation and that s is a meromorphic function on M with
x(s) =0 and y;(s) = 0. Let

Xi=Y ( .)eQJstj
i<i ¥
Then p' = (f +,9,h, X; X}, -+ X},) 18 a representation of Di,..., D,
and we call p’ the translation of p by s.

Definition 2.6.6. Suppose p = (f,g9,h, X; X1,---,Xn) has weights
T1,...,Tn. Wedefine an extended representation p'= (f',¢', ', X', x4, --+)
on M x C by first defining a function u» : M x C — C by

u(m, z) = 1+ h(m)*z
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and
f/(mv Z) = u(m, Z)f(m)

and

2

g’(m, Z) = u(m7 Z) g(m)

and X} is u! ™" times the natural pullback of x; and h' and X' are the
natural pullbacks of A and x to M x C.

Remark 2.6.7. This definition works fine without the particular
choice of u = 1 4+ h%z we have made, but the next remark does not.

Remark 2.6.8. In the situation of Definition 2.6.5, suppose that
f=-2+rh
and
g=1+hg.

Then
P (W) (m, 2) = ps(w?)(m) + 2z mod h.

Definition 2.6.9. If W € Ryl[[¢]], we say g = p(w®)) satisfies the
equation W nontrivially mod A" if

p(W)=0 mod A"

and g does not vanish at a generic point of {h = 0} and W ¢ (€").

Remark 2.6.10. Note that in the above definition, we can find
W1 € Ryl[€]] so that W1 = €*W and Wy ¢ (). Then k < n, so p(W1)(g)
is zero when restricted to {h = 0}.

2.7

Let D € Ry. We introduce the variational derivative of D
N oD
6D =) (—DkoF [ = ).
kz_o( ) <3wk )

This operator has the property that

d 2 2

(17 [ @) = [Tt

de Jo =0 0
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if f and g are periodic. 0(D)(f) can be somewhat more intuitively
defined by Equation (17). Evaluating

2

D(f +€g)
0
will yield the integral of a differential polynomial in f and g. To take the
limit at € — 0, we can throw away all the non-linear terms in g. Further,
we can eliminate any occurences of derivatives of g by integration by
parts. The resulting differential polynomial in f is §(D)(f).

Lemma 2.7.1. Suppose we have a function f(t1,ta,. .., tn;x) which
1s periodic with period 1 in x. Suppose that for generic z, we have

z+1
/ D(f)(x)dx = 0.

Then —
z 8f
o(D — =0
| amang o
for all 1.
Proof. We assume that ¢ = 1 for convenience. Fixing t1,to,..., we
let

f(t1 +e€,ta,... ,tn) — f(tl,tg,...,tn)
€

g(z,€) =
Note that g(z, €) is holomorphic function of x, even when € = 0. In fact,

of

9(z,0) = G

So
z+1 z+1
1) [ D)= [ DG et tio)is
=0.

Taking the derivative of both sides of the equation with respect to € and
setting ¢ = 0, we obtain

z+1
[ awingt o

q.e.d.

191
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Lemma 2.7.2. Let D € Ry be of order m, i.e., the highest deriva-
tive occuring is of order m. Suppose that

of

—(0,0,...,0;2) = ar + by exp(2mikz),
oty

with by, # 0. Then D(f) is not identically zero for k < m.

Proof. Fix a point xg. We define a map ¢,, : C"* — C™ by

tl f(tlat27"'atm;1:0)
Of (t1,t2,--,tm;T0)

t2 Ox

t 02 f(t1,t2,-.stm3T0)
sto 3 = 02z

tm O™ f(t1,t2,-..,tm;T0)

omz

We can compute the Jacobian matrix d¢,, of ¢4, at (0,0,...,0).

d4,(0,0,0,...,0)

a; + b1€27Ti:E0 as + 626471’1':1:0 o ay, + bmeQmﬂ'ixo
27iemiTo 47ribyemiTo 2mimb,, €2mTiTo
(278) ™20 by (4qri) et by, (2im) e mTiTo

We claim that det(d¢,,(0,0,0,...,0)) # 0 for generic values of zg. It
suffices to show that det(WW,,) # 0, where

%6—271'1':(:0 +1 %6—47”@0 S %e—Qﬂimxo +1
1 2 .. m
2
Wy, = 1 4 m
1 2m . mm

In particular if det(Wy,) = 0, then we would have

Z—llz—i—l %224—1 Z—sz—i—l
1 2 m
2

det 1 4 m =0

1 2m m™
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for any value of z. In particular, taking z = 0, we would have that a
Vandermond determinant was zero.

So the image of ¢,, would contain an open set. On the other hand,
the equation D(f) = 0 says that the numbers

Af (t1,t2,...,tm; 02 f(t1,ta,....tm; O™ f(t1,t,...tm;
f(t17t27"'7tm;x0)7 f(l 2(9:E $0)7 f(l 521. fEO),“" f(la%nw 330)
satisfy a nontrivial algebraic equation H = 0 independent of t,to, ...,
tm. But {H = 0} cannot contain an open set. q.e.d.

2.8

We wish to study representations in the following somewhat degenerate
context: We have a sequence of functions g, on M, = V,. x C and let
7 be the projection of M, — V,. We can write g,(v, z), where v € V,.
and z € C. We will assume that g, are periodic with period one with
respect to the second variable, e.g.,

gr(v,2) = gr(v, 2+ 1).

Let D, be the vector field % which is tangent to the fibers of m,.. We
can define P(g,) for all P € Ry so that (w(®)(g,) = g, and

D..(P(gr)) = 9(P)(gr)-

We also assume there are maps k, : V, — V,41 so that the pullback
of gr+1 is gr via k, x id. We also assume we are given points Q, € V.
compatible with the maps 7.

Definition 2.8.1. We say the family {g,} is generic if first for
any D € Ry, there is an r so that D(g,) is not identically zero. Second
suppose that we are given a D € Ry. Each point v of V. yields a function
of = by

Fyr(z) = gr(v, 2).
Suppose that

z+1
/ D(Fy,)(z)dx =0

for generic z,v and all . Then there is an E € Ry so that D = 0F.

Next we give a criterion for the family {g,} to be generic. We further
assume that for any positive integer n, there is an integer r so that for
any integer k, —n < k < n there are maps ¢y, of the unit disk D C C
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to V. with the following properties: Let G, be the pullback of g, to
D x C via ¢y, x id. Let E be the vector field on D x C defined by

0G(t,z)
E = —"
(BG)(t,2) =
We suppose that
(19) (EG,1)(0, 2) = agy + by exp(2mikz),

where ay, ., by, € C and b, # 0 and a, o = 0. Further, we suppose that
¢k,r(0) = Qr-

¢r, induces a map vy, from the tangent space Ty of the disk D at
zero to the tangent space T, of V... Note that the vectors

0
Wk,r = wk,r <82’) 3

are all independent, since otherwise we would get a linear dependence
relation between the functions ay , + by, exp(27wikz). We can introduce
a coordinate system t1,t2...t, on V, so that @, is the origin of the
coordinate system and the span of the functions

9gr
),

(0,0,0,...,0;2)

contains the span of the functions exp(2mikz) for k from —m to m. This
is because the linear span of the functions exp(2mikz) is the same as the
linear span of the functions ay, , + by, exp(27mikz).

Lemma 2.8.2. Suppose that for each r, we have that there is a
periodic meromorphic function w, on V, x C so that D,(w,) = D(g,).
Then under the assumption of (19), there is a E € Ry so that D = OE.

Proof. 1f §(D) = 0, then we can find E so that 0F = D + C, where

C' is constant. But our assumption implies that

z+1
/ D(g,) =0,

for generic z, where we integrate along a straight line for z to z 4+ 1 in
C. Since E(g,) is periodic, we have

z+1
| e =0,
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So we would have C' = 0. So we may assume that 6(D) # 0. Note
that 6(D) ¢ C. Consequently, using Lemma 2.7.2 we can find a map
~v: D" — V,, so that

0(D)(g:) (v(t), ) = t"G(¢, ),

where G(0,z) is not identically zero as a function of x and D’ is the
disk. Now G(v,z + 1) = G(v,z). Thus for generic = there is an integer
k so that

x+1
/ G(0, z) exp(2mikz)dz # 0.
X
Choose a p so that exp(2mikz) is in the span of the functions

99p

a1, (0,0,0,...,0;x).

On the other hand, we have that

z+1 8g
0= [ sDNe)

from Lemma 2.7.1 Hence we can find a function R so that

0= [ SD) o) 0,2 Rt )

and
R(Qp, z) = exp(2mikz)

by taking R to be a linear combination of the functions %it’l’. In partic-

ular, we obtain

z+1
(20) = / 5(D)(gp) (v(t), 2)) R(t, x)
_ / ot )Rt 2).

So
z+1
0= / G(t,z)R(t,x).

Evaluating at t = 0 yields a contradiction. q.e.d.
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Lemma 2.8.3. Suppose that Dy ...D, € Rg. and that the family
{g+} is generic. Then we can find an r so that if D is a nontrivial linear
combination of the Dy, and D(g,) =0, then D = 0.

Proof. We can assume that the D; are linearly independent. Let
W, C C" be the set of (ay,...,ay) so that

Z aka(.gr) =0.
k

W, is a sequence of linear subspaces which decrease with r. Further, by
the first property of generic {g,}, any element of C" is eventually not
in some W,. q.e.d.

2.9

We will next study the following situation: Let N, = V,. x C", where
C" has a basis d1,...,0, and let 7, be the projection from N, to V.
We suppose there are inclusions k, : V. — V,11. For simplicity, we will
identify the image of V,. under k, with V.. Suppose there are functions
h, on V,. so that the restriction of h,y1 is h,. Let Q, be a series of points
in V, with Q, = Q,41 under the identification and assume h,(Q,) = 0.
Then we can send 1), : W[jl(Vr) — N, by

¢T(U7‘)Clu R 7CT+1) = (UT7 Cly- -+, CT)'

Suppose that f,. and g, are functions on N, and that ¢*(f.) is the
restriction of f,41 and ¥} (g,) is the restriction of g,41. We will assume
that f,. and g, are generically defined on the zero section on N, — V.

Suppose that Dy, ..., D, are tame derivations of R[[¢]] and that xo.,
X1,r1 - - -+ Xn,r are vertical vector fields on N, which form representations
of Dy,...,D, and so that xo, represents 0. We will also assume that
Xo,r is differentiation in the direction 1 + 26, +- - - +7J,. Note that f, 1
and g,41 are constant when restricted to the fibers of 1, and further we
assume that if F' is a function on N,

X1 (47 (F) = 9y (X (F)

for k <.

Definition 2.9.1. We say that a sequence of representations as
above are a compatible sequence.
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Let W,. C N, be defined by h, = 0. We can generate a certain class of
functions on W, in the following way: Take any P € R[e]. Then P(f, g)
is a meromorphic function on N,.. Then we find the minimal power p of
h, so that P(f,g)h} is generically defined on W,.. We can then restrict
P(f,g)h¥ to W, to obtain a meromorphic function on W,. Let C be the
set of all functions on W, arising from such P.

Definition 2.9.2. The sequence of compatible representations is
general if the following holds: Suppose f is in the class C. Suppose is
that

filvp, 2) = f(up,2,22,...,72)

is constant as a function of z and v, € V,. is generic in V,.. Then f is
constant on the fibers of the projection W, — V..

Now define functions f and g, on V;. x C by the formulas:
fr(ve, 2) = fr(vp,2,22,...,72).

gr(vr, 2) = gr(vp, 2,22, ... 72).

Notice that the restriction of g, to V. x Cis g,.. Let G, be the function
gl restricted to h, = 0. We will assume that the (G,, Q,) form a generic
sequence. We also assume that all functions in the class C are periodic
when translated by 01 + 209 4+ 76, and that the compatible sequence of
representations is general.

Lemma 2.9.3. Given an integer n, suppose there is a P € Ryle]
so that:

1. fr = P(g,) mod hl.
2. Dy(v®) = v — 4w mod e.

©w

Di(w®) = w® — (M mod e.

e~

X1,r vanishes on {h, = 0}.
5. Xo,r,--- form a general representation of D1, . ...

6. This representation is slow for D;.

Then we can find a Q € Ryle] congruent to P mod €" so that

= Qlgr)
h

s constant on the fibers of the projection W, — V..

197
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Proof. Using Lemma 2.6.1, we can find a Q; € Ry[e] so that

x(fr) = Qi(g,) mod AL,

In particular, we can restrict and get

Dr(f;) = Ql(g;)

Notice that
(OP —Q1)(g.) =0 mod h}.

Since the g. are generic, we must have

OP =@, mod €".
If not, we can suppose that

OP =Q; mod €*

for some maximal & < n. Then let

0P —Q

E =
ek

and let FF € Ry be the constant term of E as a power series in e.
Then E(g).) vanishes on the set h, = 0. Thus F = 0, contradicting the
maximality of k.

So we can write

Q1 =0P +€'Qy mod "t

for some Qs € Ry. In particular,

d
hyQa(9r) = = (fi(vr,2) = Plgr)(vr,2))  mod hy

Thus Q2(G,) is the derivative of a periodic function. Since the family G,
is general, we must have Qo = d@Q3 and hence we may set Q = P+€"Qs.

Then (f] — Q(g.))(vr, 2,22,...,72) is constant as a function of z. So
fr B Q(gr)
hn

is constant on the fibers of the projection W, — V. q.e.d.
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Proposition 2.9.4. Under the hypotheses of Lemma 2.9.3, we can
find functions F, and vector fields X}, ..., X}, 0 that Fv, gry by X, X0y - - -
X, form a representation of Dy, ..., D, and a Q € Ryl[e]] so that

F.=Q(G,) mod h"!

and

Q=P mode€".
Further, X1, vanishes on {h, = 0}.

Proof. Let sy, be the restriction of f, — Q(gr) to the zero section
of N, over V,. We can think of s,, as a function on V, and hence we
can think of s,, as a function on N,. We define F, = f,. — sp,,.. We
can modify the xy , to X;c,r by translation by —s,, , This new family of
representations remains compatible. x} ,. still vanishes on {h, = 0}. For

X1 =x; mod h,,

since the difference x; — X} is divisible by s, , Note that we start out
with f, = g, mod h,. q.e.d.

Theorem 2.9.5. Suppose there is a generic compatible family of
representations with:

1. G, 9O, general.
2. x1, vanishes on {h, = 0}.
3. D1 (v) = v —w® mod e.
4. Dy(w®) = w® — v mod e.
Then there is a Q € Ro[[e]] so that
D;(v — Q) e g
for all 4.
Proof. Suppose we have constructed a @), so that

fr = Qn(gr) mod A"

for a given n and all . By the Proposition 2.9.4, we can find

Qni1=Qn, mod €
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and modify f, so that
fr = Qny1(gr) mod h:H—l-
Notice that for any P € R|[[¢]], we have that

P(fragr) =0Qnt1 (P)(gr) mod h:}+1'

Since 0@, ,, is a ring homomorphism commuting with 9, it suffices to
check the equation for P = v(® and P = w(®. Now

(21) 0= Xi,r(fr - Qn+1(gr))
= Di(v(o) - Qn+1)(fr> gr)
= 0Qny1 (Di(v(o) — Qn+1))(gr) mod h?—H-

We let @ be the limit of the @,,. Then
oo(Di(” = Q))(9,) =0 mod hy!

for all n. Since the g, are generic, we have

ie., D;(v® - Q) € Ig. q.e.d.
Definition 2.9.6. Suppose that
D;(w® — Q) e 7g.
Then we define derivations
D; : Ro[[e]] — Ro[[€]]

by L
D;(P) = o(D;(P))

where o is the inverse of the natural map
o1 : Ro[[e]] — R[[e]]/Zq

and T is the image of T' € R|[[e]] in R|[[e]]/Zq.
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Theorem 2.9.7. Suppose that p = (f,g,h; Xx1,...,Xn) IS a Tepre-
sentation of D1, ..., D, and that

f=Q(g) modh"

for all n. Then using the notation of Definition 2.9.6, (g, h; X1, .-, Xn)
s a representation of D1, ..., Dy.

Proof.

(22) xi(g) =

q.e.d.
Definition 2.9.8. If D € Ry|[[¢]] so that
D =Dy+ Die+ Doe® + -,

we define
DU = D,

Similarly, we let XZ[-O] be the restriction of x; to the set {h = 0}.

Lemma 2.9.9. Suppose that D1, ..., D, € Ry. Suppose that Fn, ...,
E, € Ry. Suppose that (g,0; X1, - - -, Xn) S a representation of D1, ..., Dy,
and (g,0; X4, ..., x}) is a representation of En,...,E,. Assume fur-
ther that x1,...,Xn and X}, ..., X, span the same n dimensional vector
space. Further, assume that if g satisfies any nontrivial linear combina-
tion D of the D; and E;, then D = 0. Then linear span of the D; is the
same as the linear span of the E;.

Proof. We can assume that the x; = x;. Then (D; — E;)(g) = 0, so
Di = El q.e.d.

Corollary 2.9.10. Suppose that D1 € Ry. Suppose that (g,0;x1)
is a representation of Dy. Further, assume that D1(g) = 0 implies that
Dy =0. Then if x1(g9) =0, then D; = 0.
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3. Constructing deformations

3.1

Let T be a smooth analytic manifold and let 7 : X — T be a proper
flat family of curves of arithmetic genus n. Let t9 € T be a fixed point.
We will usually be interested in the behavior of the family and related
objects near ty. We will suppose there are sections P: T — X, Q : T —
X, R:T — X so that for each t € T, we have P(t) + Q(t) is a divisor
on X; = - 1(t) is linearly equivalent to the divisor 2R(t). We will also
assume that P(t), Q(t) and R(t) are all smooth points of X;.

Let § : T x S' — X be a map defined over T so that 7 is smooth at
every point of the image of J and let w be a section of m.(wx /7). (Wx /7
is the sheaf of relative dualizing differentials and S! is the unit circle.)
Then §(¢) is a cycle on Xy and we can form

T
5(t)

where I; is a section of the dual of 7. (wy /7). So we can consider /5 as
a section of R'm.(Ox). We will suppose that we can find 41, ..., 6, so
that Is,, ..., I, are a basis of R'm,(Ox). Let vy, be sections of 7, (wx 1)
which are dual to the Is, .

We will assume that there is an open set U C X so that z : U —
D x T is an isomorphism of D x T as T spaces, where D is the unit
disk. We assume that the images of the sections P, ) and R are all
contained in U. For simplicity, we will assume that the image of P is

the zero section and let
h = z(R).

We will assume that
dz = vy.

Further, we will assume that we can find anti-derivatives hj of the vy
defined on U and that the functions

Jog v _
Jo v

This condition insures that the secant line between ) and P on the local
curve

k.

t = (ha(t), ha(t), ..., hn(t))
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passes through (1,2,...,n) when h;(t) # 0 and insures that the tangent
line to P passes through (1,2,...,n) when hi(t) = 0. The existence
of such families is not obvious at this point, but we will exhibit such
families in §4.

3.2

Let
T1 =T xC"

and let
XlszC":XxTTl.

We will define a relative line bundle £ on X over T7. Let w1 : X1 — 1}
be the projection. We have the coordinate functions z1,...,z, on C".
We will again denote the pullback of z; to T} by z;. On the other hand,
we will denote the pullback of I, to a section of Rlm .(Ox,) by Is,.
Thus we can consider I = Y 25, as a section of R'm (Ox,). Then
there is a relative line bundle £ on X} so that £ corresponds to the
same section of R'my . (O%,) as exp(2mil). We also assume that we have
a line bundle M of relative degree n on X; which is the pullback of a
line bundle on X — T. Let N = M ® L.

We will assume that P(T') and Q(T'), which are divisors on X', meet
transversally. Consider Z = 7(P(T) N Q(T)), where 7 is the projection
of X — T. We will assume Z is a divisor in T and that the map from
P(T)NQ(T) — Z is an isomorphism. Let Z; be the inverse image of Z
in T1. We assume that R(T)NP(T) and R(T)NQ(T) are both equal to
P(T)NQ(T). We will assume that Z; is defined by an equation h = 0,
where h is the pullback of a function on 7.

We will also assume that we have chosen a nonconstant section A of
Ox(P(T)+ Q(T) — 2R(T)). Let’s fix a point t € T1. Then on X , we
have the line bundles NV, ; = Ny(k(P(t) — Q(t))).

Definition 3.2.1. Suppose P(t) # Q(t). Then t is N-good if each
of the line bundles N (—P(t)), is non-special for |k| < N. We then
define sections s, € HO(Ny,) for |k| < N so that

Sk
L) = 1.

Remark 3.2.2. Given our choice of A, these s are determined up
to an nonzero multiplicative constant independent of k.
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We will assume we have made a special choice to A to be denoted Ay
so that zAg(P) = 1. Let’s fix N and let To C T} be the set of N-good
points.

Theorem 3.2.3. There are functions Ayt and By defined on
Ty for |k| < N —1 so that

ASg = Sky1 + Akt Sk + Brgask—1-

The function B is never zero on T.

Proof. The dimension of H°(N,(P(p) + Q(p))) = 3. So there must
be a linear dependence relations

CAsp + Dsgy1 + Asp + Bsp_1 =0,
where A, B, C and D are all in C. Now we have chosen our normaliza-
tions of the s, and of A so that

Sk+1

=1
ASk

at P(p). We must then have C' = —D. Further, we cannot have C' =
D = 0, since this would lead to a dependence relation between s; and
Sk—1, which have different order poles at P(p). So we can completely
normalize by taking C' = —1 and D = 1 and finally writing

ASk = Ska1 + Ask + Bsg_1.

q.e.d.

If u is a nowhere zero function on 7', then
Ak tun = UAg )

and
2
Bitux = u" Az

Further, we have
Apt.oan = Apgx +C,

while B is unchanged by adding C' to A for any function C' on T. We
can now normalize the By in the following way: Let

By i 2

B, = .
By o)

it
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3.3

We next discuss theta functions following [8]. Let C' = &} and denote
P, by P, etc. We assume that C is nonsingular. We regard H'(C,Z) as
a subgroup of HY(C,Q)*. Let C be the set of all complex numbers of
absolute value one. Choose a map

o:HYC,Z) — C;
so that
o Fu2) _ i )
a(ur)a(ug) '

There is a unique hermitian form H on H°(C,Q)* so that
SH(z,y) = (z,9).

Let ¥ defined on H°(C,Q)* be the function satisfying the functional
equation
19(z+u) _ a(u)eﬂ'H(z,u)—O—ﬂ'H(u,u)/%?(Z)

for z € HY(C,Q)* and u € H'(C,Z). There is amap v: UNC —
H°(C,Q)* defined by

where the path from P to ¢ is chosen to lie in U N C'. Thus we can
regard v(q) € H'(C, ). Given any non-special line bundle £ = O¢(D)
of degree n on C with D effective, here is a constant K, € H'(O¢) so
that the zeros of the function p — ¥(v(p) + K) are just D counting
multiplicity. Further,
exp(2miK) = L.
Also
Krq-pr) =Kz —(q)

modulo periods. Let Ky be a constant corresponding to the line bundle
M and choose a line bundle M; = O(D;) so that P is a point of
multiplicity one of D; and all the other points of D; are outside U.
Select K corresponding to M. So ¥(v(z) + K1) vanishes exactly once
at P and at no other point of U.

Using the theta function, we can write down an expression for a
function Ag initially valid in U.

O((2) = 7(R) + K1)*
V(y(2) + K1)9(v(2) + K1 —v(Q))’

Mo(z) =«
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where
V(@) (K1) - (P)I(K —(Q))
I(K1 —v(R))? .
This is a well-defined meromorphic function on C, since P+ is linearly
equivalent to 2R so by Abel’s theorem, v(P)+~v(Q) = 2v(R). Using the
periodicity properties of ¥,
9(Z —y(R) + K1)*
HZ + K1)d(Z + K1 —~(Q))
is periodic in Z € H*(O).
Next, we develop a formula for

o =

A0S0

S1
Attached to the point ¢, there is a line bundle Ny, and let L be the
projection on t to C". The zeros of ¥(y(z) + L +v(Q)) match the zeros
of s1 and the zeros of ¥(y(z) + L) match the zeros of sg. On the other
hand,
V(v(2) + K1 —7(Q))
H(y(z) + K1)

has a simple pole at P and a simple zero at Q. So s1/sp is a multiple of
the rational function

V((2) + K1 —7(@)(v(2) + L++(Q))
(v(2) + K1)d(y(2) + L) '

Consequently, u is a multiple of

9(v(2) + K1 — y(R)*9(v(2) + L)
D(v(2) + K1 = v(Q)*0(v(2) + L +7(Q))
Using that u(P) =1 and (P) = 0 we obtain that

_ 9(y(2) + K+ (R)*I(y(2) + L)I(K1 — 4(@)*I(L +7(Q))
D(y(2) + K1 = v(Q)*P(y(2) + L + (@) (K1 — 7(R))*I(L)

Let a denote the constant term of the Laurent series for A\ — s1/s¢
developed around z = 0. We get a = d%(u) evaluated at z = P. Since

u =1 at z = 0, we obtain

(22) a= GVOEL —1(@) v (P) V)L +(Q) Y (P)

V(K1 —7(Q)) (L +~(Q))
4oV E +19(R) () | VI)(L) - +(P)
(K1 +7(R)) O(L)
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For future reference, we give a formula for the constant term Cy of
the Laurent expansion of s1/sgp, namely

V@)K =~(@) -~ (P) | V)L ++(Q)) - (P)

S ) AL+ (Q)
V@) AP W
9(D) VL) 7 (P)
where L2
1 06)

evaluated at z = P.
We will also be interested in evaluating

_ AoSo

5-1
at Q). We obtain that

5-1

s-1 _ p0((2) + K1)9(v(2) + L — 7(Q))
S0 I(v(2) + K1 —v(@)I(v(2) + L)

with
t o UG Q)
V() (K1) -~ (PYO(L —~(Q))’
So
Moso _  9(1(z) + L)(3(2) —1(R) + K1)’
so1 () + K)2(v(2) + L—(Q))
where

p_ (VO A (P)*IL — Q)
! W (R)+ K1 )?9(L)

So evaluating at (), we get

A
(24) b= 0%

)
o A +(Q)I0(Q) — (R + K)?
1

9(1(Q) + K1)20(L)
:<u
19_

>w>+m>uwnwwv2
(B + K@) + K1)
I(3(Q) + L)I(—1(Q) + L)

I(L)?
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< (v(R) + K1)V () (K1) -y (P)>2
P(—v(R) + K1)J(2v(R) + K1)
9@y (R) + L)I(=2y(R) + L)
O(L)?

bearing in mind that 2y(R) = v(Q).
We have defined a and b in Equations (22) and (24). a and b depend
on t.

Proposition 3.3.1 For our choice of Ay, we have

a = Agtx
and

b= BO,t,)\o
near tg.
3.4

We will now make a canonical choice of A near the set Z. Specifically,
let
U = 1/Bo,(2,0),1

The expression for b makes it clear that such a meromorphic function
exists, since

lim 19(L)2 =1
Y(R)—0 ¥(2y(R) + L)¥(—2v(R) + L)

for any L, in particular for L = 0. In particular, we set

U= (19(7(3) + K) V() (K1) - 7’(P)> \/19(27(R))19(—27<R))
I(=y(R) + K1)9(2v(R) + K1) 9(0)?

where we choose the branch of the square root which is near 1. When
R is near P, then

I(v(R) + K1) = y(R) - V(9)(K1)

and
I(=v(R) + K1) = —7(R) - V(9) (K1)

and
I(2y(R) + K1) ~ 2v9(R) - V(9) (K1)
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w0 V(K -7/ (P)

V(9) (K1) -v(Q)
On the other hand, we have that

U~ —

(K1 =7(Q) = =V(I(K1)) - ~(Q),

so the constant term of s1/so is approximately

from the expression for C. So the constant term of U~ 1s;/sq is just 1.
Now choose C, a function on T, so that

U™ Ag ey +C = —2.
Proposition 3.4.1. We can canonically choose
Acan = U A+ C
so that:
1. 24 Akt is divisible by h*.
2. =1+ By, s divisible by h.
3' 2 + Akaov/\can = O
4. -1+ Bk707)\can =0.
5. We have
h z
A=a—-+atar; +-,
z h

where a_1(t) vanishes on Z and oy becomes —1 on Z.

Of course, the canonical choice depends on the line bundle M, but is
otherwise completely determined near Z by properties three, four and

five.
Proof. Note that
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does not have zeros or poles when h # 0 and h and z are near zero.
Now near h = z =0, V(z,h) is a power of h times a unit. We have

U-ls 1 Us,—1
)\can = — Tl + Acan + Bcansin

S?’L n

Hence the constant term of ., as a Laurent series in z is the constant

term of .
U™ st

Sn

plus the constant term of Ac,n. So modulo h, the constant term of Acan
is —1. The Laurent series for Ag is

So hV(c,h) is a unit. But the Laurent series of hV (2, h) is a power
series in z/h. So Acan is a power series in % q.e.d.

Definition 3.4.2.

Akt = Akt ean
f=Ap,
g = Bo;.

f and g are functions on T' x C".
Lemma 3.4.3. f and g are defined near any 2-good point.
Let x be differentiation in the direction (1,2,...,n).
Proposition 3.4.4.

g(t, L) = 1+ 4h(t)*(x*(log(9)(L) — x*(log(1)(0))))
+ higher order terms in h.

Proof. We define

gi(L) =

and then
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On the other hand,
1Q) = 2h(1,2,...,n)
and we know that v"(Q/2) = 0. q.e.d.

Let’s examine the function G(¢, L) which is the analytic continuation

of
g(tv L) -1

h(t)?

We can introduce a series of vectors v € C” by using the identification
of C" with
H 0 (wk'l,t )*

via integration over the J; by

w
vi(w) = Resp) ok

Let K1, Ko, ... be the KdV differential operators. Let xj be directional
derivative in the directions vy.
Proposition 3.4.5. We have

h z
A=a - +atar; +---
z h

We can find By; which are universal polynomials in the oy, so that

ZﬂMResp(t))\lw = h2k_1V2k+1(w) mod h2F.
1<k

Further,
Bree = nxa™,
where ng € Q and n; # 0.

Proof. First note that we can find ~;, universal polynomials in the
ay, so that

l k hk
Z’ymResp(t))\ w= a_lg.
1<k

Indeed,

211
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3 5 b , h? 2 9 h
A = 0571? + 3a00¢71; + (3a_1a0 + 30[710[1); + .-
So we can express
g
Hi = a,127k

in terms of A, ..., \* with the coefficients universal polynomials in the
Ozk’S.

Note that z—h vanishes on R(t) and that z — h is the anti-derivative
of a holomorphic differential. Since the curve is hyperelliptic and R(t)
is a Weirstrass point, z — h is an odd function under the involution
of the hyperelliptic curve. However, any differential is even under the
involution. Thus any differential can be expanded around P(t) as a
power series in the even powers of z— h times dz. So if w is a differential,
we can write

(25) w = (ap +az(z — h)? +as(z — h)* 4+ ---)dz
= f((z = h)*)dz.

So
Resp(yiw = a_1hf(h?).

ResP(t)ugw = 2h3a%1f’(h2).
Resp(ypaw = h*a®  (2f'(h?) + 4h° f" (h?)).
Respypaw = hlat | (2hf"(h?) + 8hf" (h?) + 8h° £ (h?)).

Continuing in this way, we see that we can express
R p(0) (2)
as a linear combination of
Resp(y)puw
for [ < k. On the other hand,
f(k)(hz) = vort+1(w) mod h.

q.e.d.
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Definition 3.4.6. Suppose Dy, ..., D, € Ry[[¢]]. We assume Dy, ...,
D,, are linearly independent over C|[e]]. Let M be the C|[[¢]] mod-
ule generated by the Dj. Then we can find an increasing sequence
of integers my,...,m, and E,...,E, € Ry[le]] so that the E,[CO} are
all linearly independent over C and so that ¢™* E}, are a basis of M.
mi, ..., my are uniquely determined and called the characteristic num-
bers of Dy,...,D,. The €™ Ey,..., ™ E, are called a normalized basis
for M. Note that E{O], e E,L? | are linearly independent over C.

Corollary 3.4.7. Suppose that T is one dimensional and {h = 0}

s just a point x and that h is a parameter near x. Let g be the function
on C" defined by

9(L) = G(z, L).
In the context of the Definition 3.4.6 suppose that (G, h; X, X1,s---,Xn)
is a representation of Di,...,D, and g does not satisfy any nonzero
linear combination of Ky, ..., K, Ego], . ,El?]. Further assume that
vajs1(9) =) BiKilg) mod h
1<j

with B; ; # 0. Then the characteristic numbers of D1, ..., Dy arel,3,. ..,
2n — 1. Further, the span of EEO], e ,E};ﬂ is the same of the span of
Ky,....K,.

Proof. There are polynomials P; ; € Cle] so that

J
Za,j(h)Xi = h2j71V2j+1 mod h?%
i=1
with P;;(0) # 0. Then let
J
i=1
Let €7 F; be the leading term of E; as a power series in €. Then F} is a

linear combination of EP], e ,E,[?}. If r; <25 —1, then

Fj(g) =0.

So we would have to have F; = 0. We conclude that r; > 25 — 1. On the
other hand,

vai+1(9) = Zﬁz’,sz'(g) mod h

i<j
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with 3;; #0. Sor; > 25 —1 and so r; =25 — 1. Let

o —25+41 v
Ej=e¢ Ej.

Then
0
B =3 BiKi.
i<j
Since the K; are independent, so are the EJ[.O]. q.e.d.
3.5

For future reference, we will now calculate the function B in a very
special situation. Let T be a point and let X be a curve of arithmetic
genus one with one node. We can find a normalization map 7 : P! — X
so that 7(0) = m(co) is the node. Let p and s be points of P!, ¢ = 1/p
and r = 1. We set P = 7(p), Q = 7(q), S = n(s) and R = =w(r). Let
81 be the image of a circle traversed counterclockwise around 0 € P!,
We let M = Ox(S). Then the function B will just depend on a number
a € C and on p and s. The normalized differential is just

1
YT omi 2
Explicitly, let
Lo =0x(n(x)—S9).

Then we should have

1 T dz
—_— — =aq.
27Ti S z
So
x = Se2rie,

We use the usual parameter z on X coming from the parameter z
on P! to normalize our expressions for A and the s,. We can now write
down these expressions using a degenerate theta function

So we get
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where K is chosen so that the first Laurent coefficient of A at p is one.
On the other hand,

50, 2) — ﬁp(z)ﬁw/pQ(z)KQ
5-1a Vq(2)02(2)
and define By a(2)
r(z,t) 29/:)(22)
Lemma 3.5.1.
rlg.2)r(p,s)
B0 B = or(ars)
_ Y2 (0)05(0) 0 (D)0 2 (P)
Ve yp2 (p) Vs (P) V()02 (q)
_ (A =p/z)A=1/ps)(1 = p/x)(1 - p*/s)
(1 =p3/x)(1=p/s)(1 = 1/zp)(1 —p/s)’
3.6

We will now consider how to use the family X1 — T3 to define repre-
sentations. For each positive integer k, we define a map

g (W 1) — Ony

by
qbk (w) = ReSp()\kw),

where Resp(;)(A\fw) indicates the residue at P(t) of the meromorphic
section of the dualizing sheaf of X;; = C obtained by multiplying w
by A*. Notice that the ¢y, all vanish on Z, since f_; vanishes on Z. We
define

Xk = P

Lemma 3.6.1.
X2 + 2x1

€

vanishes on Z.

Proof. This follows from Proposition 3.4.1 (5). Indeed, using the
fact that ag = —1 mod h, we see that

Resp(¢ )()\gan + 2Acan)w
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vanishes to order h?. So X2 + 2x1 vanishes on Z. q.e.d.

We will initially assume C' is smooth. We will also assume that

P
/ V = hk.
Q

We can now associate an infinite tridiagonal matrix C, by defining its
ij" entry C,; ; as

1, fori=j5+1
O = Ai,P fori:j
p7Z7-] - B f - S g
ip fori+1=j
0 otherwise.

Note that C;} is a well-defined infinite matrix. If we have an infinite
matrix E, we define a matrix E* by

Bt — E@j fori < j
b 0 otherwise.

We have identified H'(O¢) with C™ using the I;. So we may think
of the ¢ as sections of the map 77 = T x C® — T. So we can define
vertical vector fields x1, x2,... on T} corresponding to differentiating
the direction ¢1, @9, . ... We define x to be differentiation in the direction
(1,2,...,n).

Theorem 3.6.2.
Xi(Cp) = [(Cp) T, Gy,
where [E, F| indicates the commutator of E and F.

Proof. Assume that h # 0 and that h = %, with N and M integers.
Then M~(Q) € Z™ and consequently there is a function « having a pole
of order M at P and a zero of order M at (). We normalize « so that
a /MM has value one at P. Then we have

Sk+M = QuSk

and consequently, Ay and B} are periodic. Theorem 3.6.2 is just The-
orem 4 of [7]. On the other hand, the set of points with h rational is
dense and conclusion of this theorem holds generally. q.e.d.

We can find T}, € &1 @ Si so that Dy (4;) is the I diagonal entry
of [(C']’;)‘*', C,] and Dy, (B;) is the I'* off diagonal entry of [(C]]:)Jr, Cpl.
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Definition 3.6.3. D), = Dr,.
Forte T, let 0 : T — T x C™" be defined by

o(t)=(t,1,2,...,n).
Then using Definition 3.4.2
Ay, =f(z+ kh(z)o(n(z))
and
Bj . = g(x + kh(z)o(n(x)).

Theorem 3.6.4.
(£,8, X155 Xn)
form a representation of

Di,...,Dn.

Further, both £ and g are periodic under translation by (1,2,...,n).
Further,

f+2
fi = 02
and
g—1
8=

are meromorphic functions which are holomorphic at any point t with
h(t) = 0 provided that the N; is non-special on the curve X . Further,
the D1, ..., Dy, are 1-nice.

Proof. We have checked the last statement when the curve &7 ; is
smooth. But if A; is non-special, then all the nearby line bundles on
all the nearby curves are non-special. Hence f; and g; are analytic
at points w near t provided that h(w) # 0. Further, at points w so
that h(w) = 0, the two functions are holomorphic provided that X,
is smooth. Hence both functions are holomorphic on a neighborhood
of t, except perhaps for a subset of codimension > 2. So by Hartog’s
theorem, these functions are holomorphic at ¢. q.e.d.

Let ¢ = x2 4+ 2x1. We can define P, and P» in S5 so that

Dp, py(Ag) = Ap—1pBr—1p + Ak pBr—1p + 2 Br_1,
= AkpBrp — Akt 1,pBrp — 2 Bip,
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and

Dpy.py(Bk) = Bip <Bk_1,p + A+ 2 Ak

2
- Ak—i—l,p B 2Ak+17p - BkH,p)-

Thus we have the tame derivation D = Dp, p, of R|[[€]].
Then we can use Theorem 3.6.2 to calculate:

V(Akp) = Dpy Py (Ak)s

Y(By.p) = Dp, p,(By).

Proposition 3.6.5. (f, g, h, x,v) form a representation of Dp, p,.
Further, v is slow for this representation.

Let’s calculate the first terms of Dg as a series in €. We get

27) D) =E_1(vE_;(w®) + ) E_; (w®)
+2E_1(w®) — @)@ — B (v©@)w©® — 24,

We have
De(v?) = d(D(®).

So

(28)  Do(e0 @) = (E_1 (=2 + v E_(1 + w®)
+ (=24 E0NE_ (1 + Ew®)
+2E_1(1+ Ew®) — (=2 + vO) (1 + Ew®)
— B (=2 + ) (1 4 Ew®) — 2(1 + ).

Evaluating we get

Do (v @) = e(v™ — wM) 4 higher order terms in .
Similarly,

Do (w®) = e(—v™ 4+ w) + higher order terms ine.

Definition 3.6.6. Dk = Dk@.
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Theorem 3.6.7.

(flagthXl?‘ . -aXn)

form a representation of

Di,...,Dy.
Further, both f1 and g1 are periodic under translation by (1,2,...,n).
Further, set
Do + 2D,
p = 22t
€
and
r_ X2 +2x1
Xl h °

Then the representation
(f17 g1, X Xll)

; /
is slow for Dj.

3.7

We will be applying this construction of slow representations to prove
Theorem 1.0.1. We need to have a criterion for checking that such
representations are general.

Definition 3.7.1. Let S be a complex manifold and let 7: X — §
be a family of stable curves parameterized by S. Let sg € S be a point
and suppose that N1, N, ..., N, are the nodes of X;,. Then we can find
functions fj defined near sg so that the deformation of the node Ny is
locally isomorphic to zy = fi.. We say the nodes are independent at sq
if the differentials of the fi are independent at xg.

Remark 3.7.2. Suppose the ¢1,...,g, are functions on S. Sup-
pose that the g1,..., g, have independent differentials when restricted
to some smooth S’ on which all the f; from the above definition vanish.
Let S” be submanifold defined by the vanishing of all the g;. Then the
family X x g S” has independent nodes.

We will consider the following situation: Let M be a connected com-
plex manifold and let A be a sheaf of abelian groups locally isomorphic
to Z?". We will assume that A has a symplectic form ( , ). Let p be a
point of M. There is the usual monodromy representation p of 71 (M, p)
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on the stalk A,. Suppose that there exist 1,02, ...,0d, in A, so that the
endomorphisms 7; of A, defined by

Ti(v) = v+ (v, 6:)0

are all in the image of p. We also assume that (d;,d;) = 0 for all 4 and
j. Let
60 =01+ 209+ -+ ndy,.

Let w: V — M be a vector bundle of rank n. Here V is a physical
bundle, i.e., V is a complex manifold and for ¢ € M, the fibers of ,
7 l(q) = Vy, are given the structure of complex vector spaces. Let V
be the sheaf of analytic sections of V', so that V is locally free of rank
n on M. Suppose that A is a subsheaf of V so that each A € A, can
be considered a local section of V' defined around p. In particular, by
evaluating at p, we get a map u, from A, — V,. We assume that the
image of 1, is a lattice in V},. We assume that the images of the J; give
a complex basis of V), for each p.

Let f be a meromorphic function on V. In particular, we can look at
fp, the restriction of f to V,. We will assume that f, is invariant under
translation by elements of A, for all p.

Definition 3.7.3. Let W be a complex subbundle of V. We say
that W is good if f is constant on all the cosets of W, C V,, and the
elements of A, N W), span W as a complex vector space.

Let U C M be an connected open set and let A be a section of A over
U. The set of p € U so that A(p) € W), is either all of U or is defined by
nontrivial analytic conditions and so is nowhere dense. Consequently,
we may find a set of the second category T" C M so that if p € T' and
A(p) € W), then A(q) € W, for all ¢ € U. We call such a point very
general.

If W is good, then the sheaf Ayyy = ANW C A is a locally isomorphic
to Z* for some k and Ay ® O = W.

Lemma 3.7.4. Suppose that the subbundle of V generated by § is
good. Then f, is constant.

Proof. 1t suffices to prove the assertion for a very general point p. Let
W be a good subbundle. First note that the monodromy representation
p leaves L, = A, N W), invariant, since p is very general.

Let @, be a maximal complex subspace of V), so that f, is constant
on the cosets of @),. Note that if f, is constant on the cosets of
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and @2, then there f, is constant on the cosets of Q1 + @2, so such a
maximal @), exists. First, suppose that L = @, N A, is not a lattice in
Qp. Let g : V, = V,,/A, be the quotient map and consider the closure X
of ¢(Qp) in the torus V,/A,. Note that f can be considered a function
on V,/A, which is constant on the cosets of ¢(Q,) and hence on the
cosets of X. But X is a closed subgroup of V,,/A, and hence there is
a real subspace Q;, of V,, so that q(Q;,) = X and f, is constant on the
cosets of Q,. Further, Q, N A, is a lattice in Q. f, is meromorphic, so
fp is constant on the complex subspace Q;’ spanned by the vectors in
Q- Thus Q) = Qp, so L, = Q, N A, is a lattice in Q).

For any point p, there is a simply connected neighborhood U C M of
p and a set T' C U of the second category in U so that Q,NA,; = Q. NA,
for all ¢ and r in T, since the set of subgroups of Z?" is denumerable.
Here we have identified A, with A,, since they are both identified with
the global sections of A over U. We can then find a subsheaf W of V
so that W, = Q4 for all ¢ € T.. Our sheaf VW has been constructed in a
neighborhood of a arbitrary point p, but these sheaves constructed at
different points coincide on the overlaps, since their fibers coincide over
sets of the second category. Consequently, we have a sheaf W so that
the fiber of W at ¢ is Q4 for a dense set of ¢. Let Ayy = W N A. Let
W C V be the physical bundle associated with W. Then f is constant
on the cosets of W, for a dense set of ¢q. Consequently, W, C @, for all
p with equality for a set of the second category T'.

Assume that p € T. Then monodromy operates on W, = Q. Let
U, be the real span of the ¢; . The §; form a complex basis of V},, so the
real dimension of @), NU), is less than or equal to the complex dimension
of Qp. Also note that we can find a symplectic form (, ) on V, as a
real vector space extending the form on A. Observe that if v € ), and
(v,0k) # 0, then §; € @, since monodromy acts. Consider the map
T:Qp — QpNU, defined by

T(v) = (v,6k)0k

k

The observation shows that 7' does map to U,. Since U, is maximal
isotropic, the kernel of T' is contained in ¢, NU,. So the real dimension
of @ is less than or equal to twice the real dimension of @, N U, and
the map 7' is onto. The dimension of the image of T is the number of
k so that (v,di) # 0 for some v € Q,. Hence @, N U, has a real basis
consisting of some subset of the d;. But 6 € Q, N U, and ¢ is linear
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combination of the §; so that all the §; appear nontrivially in §. So
Qp =V, and f, is constant. q.e.d.

4. Explicit construction of curves

4.1

Our aim is to construct a family of representations which are generic and
general and then to apply Theorem 2.9.5. Theorem 3.6.7 already checks
that our families will satisfy conditions (2), (3) and (4) of Theorem 2.9.5,
except that we want to use the following for the definition of D; in

Theorem 2.9.5:
Dy +2D,

€

D1

To construct the n” representations, we will be considering families of
curves in P! x P! over C, which are generically double sheeted coverings
of the second factor. We will suppress the n in the notation until we
are ready to put all the representations into a family. Let

Ty = H' P! x P, O(n +1,2)).

So an element of Tj is a polynomial in the variable Xy, X1, Yy, Y7, which
is homogeneous of degree n + 1 in Xy, X7 and homogeneous of degree 2
in Yy, Y7. Usually, we will use affine coordinates to describe the elements
of Ty we will be considering , where we set Xg =1, X; =z, Yy = 1
and Y7 = y. One can easily pass from the affine coordinates to the
homogenous coordinates. So the elements of T of interest to us can be
described by
a(z)y* + b(x)y + c(x).

Let Ty ¢ P! x P! x T, be the universal curve and let 75 : T} — Tp and
71 : T1 — P! be the obvious projections.
There is an birational involution ¢ of T} over T given by

,y) = (m,—b(””’) = )

a(z)

Note that ¢ is only defined for those points (x,y) with a(z) # 0.
Consider the map A from C" to Ty:

AMag,ag, ... ap) = (y2 —z)(z—a1)...(x—an) = Pay,..an-
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Let Lo be the image of A in T'. Let
C(OCI,OCQ, ey an)

be the curve
7T0_1(A(041,042, ce, Q).

The «p form a partial system of local coordinates around any point
Ao, ag,...,ap) on Ty as long as the oy are distinct and so Ly is a
submanifold of Tj at those points.

Let Py denote A (1, 2%, 3%,,#) € Tp. We will be investigating
curves in a neighborhood of

1 1 1
COZC<1’22,32,,712)

For P near Py, T1 — Ty forms a family of semi-stable curves param-
eterized by a neighborhood U C Ty of Fy. On Cy, we have 2n nodes
Ny = (k*,k) for k between —n and —1 and between 1 and n.

Lemma 4.1.1. The nodes of the family T1 — 1Ty are independent
near Py. (See Definition 3.7.4 for the meaning of independent.)

Proof. By replacing U by a smaller neighborhood of Py, we can find
fx defined on U so that the deformation of the node Ny is locally given
by

(- ) 62 =)+ ()

for P € Ty near Fy. The f; have independent differentials at Fy. Indeed,
it suffices to show that for any k, we can construct a map ¥ : D — Tp,
where D is the unit disk, so that 1;(f,) vanishes identically if p # k,
but vanishes to exactly order one at 0 € D if p = k.

W(z,y,1)
:<<yz_x><x_;>+(tz+f) <y+;)2) I (%)

p2A£k2
ow (1 1
— | —5,—,0 0
ot <k2’ k’ > 7

so that the total space family of curves over D defined by W = 0 is

smooth at (k%, %, 0), so that 1} (f) vanishes exactly once at ¢ = 0. On

Note that
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the other hand, (1€2 , —+) continues to be a node of the curve W (z,y,t) =
0 so ¥* . (fx) = 0 and two distinct nodes continue to lie over z = p? for

P2 #* k2. So ¢;(fk) =0. q.e.d.

4.2

For k& > 0 choose small circles §; oriented counterclockwise around the
points kQ and let d; ¢ be the lift of 3; to Cp which is near to the point
(k—27 7) so that 7 0 830 = B. For some neighborhood U C Tj of Py, we
can find a map dj : S ! x U — 73 1(U) defined over U which restricts to
Ok,py» Where w3 : Ty — Tp is the projection. Let wr, /g be the sheaf of
relative dualizing differentials. Let d; o be the cycle d;(S L'Q)on T 1,0
for @ € To. By possibly shrinking U, a section w of wr, 7, over V. C U
can be integrated fiberwise over the cycle d; ¢. Thus we obtain a maps

over V|

/5 : 7T37*(wT1/T0) - OTO’
k

</ w) =/ LUQ.
& /g  Ja(stQ)

U 7T3* le/To @OTO

ie.,

Thus we get a map

as the direct sum of the |, 5
Note that we can compute the dualizing differentials on D = C(aq,
ay,). Namely, let wy, be the differential

Vogdy
mi(y? — o)
Then wy, extends to a section of wp and
/ Wi = Op
6P

where J,; indicates the Kronecker delta function. So by shrinking U
again to a neighborhood of Py, we can assume that W is an isomorphism.
We have established:
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Lemma 4.2.1. We can find local sections v, of 73 «(wr, /7,) S0 that

/ Up = 5k,p-
Ok

A point t = (E,p) of T consists of an equation E(xz,y) € Ty for a
curve C C P! x P! and a point p € C. Let U; be a small neighborhood
of (P, (0,0)). We introduce functions h,, of z € U; by the formula

h(z) = / )%

where we define this when the projection of z to P! x P! near zero
and P = m3(z) is near Py. Here we must specify a path 7 from ¢(2)
to y. First we ask that m3(y) be a point and that the projection of
to P! x P! lie near (0,0). Notice that on Cp, the point (0,0) is fixed
under ¢. So as long as we stay near to (0,0) and Cp, it makes sense to
ask that the path from stays near (0,0). With these assumptions, h,,
is well-defined. The functions hj all vanish on the ramification locus R
of the map m x w3 : U — P! x Tp, when the h;, are defined, for R is
just defined by ¢(z) = y. Also w3 : R — Ty is a local isomorphism at the
points we are considering.

4.3
We can compute these hy on the curves C(aj,...,a,). The projection
of our path ~ lies on the curve C(aq, ..., ). Let the projection of z to

the second factor of P x P! be 7.

Yo a.d
(29) miz)= [ Yol
_yo (Y2 — )
_ V) (ak - yO>
=-—Flog|{ ——
Iy Qg + Yo
2y
iy,
where = indicates approximately when yq is close to zero.
This means that each of the hy = 0 defines R N w3 ' (Lo) as a sub-
scheme of '(Lp) in a neighborhood of Py, since y = 0 vanishes to
order one R N3 (Ly) C 73 (Lo). Since all the Ay, vanish on R in a

neighborhood of (0,0, y), we see that all the hj vanish to order one along
RN 75 (Lo).
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Let h
k
H,=—
k Iy
for k from 2 ton. RN ng(Lo) can be identified with Lg locally via g,
so we can use the coordinates a1, ..., o, as coordinates on RNy 1(Lo).

Then when restricted to R N5 ' (Lo), the (Hk)mmwgl(Lo) just become

[ Ok
(Hk)\'Rﬂwgl(Lo) = ;1

Note that the equations hy, Ho, ..., H, all have independent differentials
at (0,0, Py), since the Hy have independent differentials when restricted
to R Ny '(Lo).

Lemma 4.3.1. We have

0
—H
L #0

near (0,0), .

4.4

Let
T = {t € TﬂHk(t) = kj}

and let
X =T xg, T1.

The map 7 : X — T has a canonical section P : T — X defined in the
following way: A point ¢ of T consists of an equation E(z,y) € Tp for a
curve C' C P! x P! and a point p € C. 7~1(¢) is canonically identified
with C. So we define P(t) = p. We have another section @ : ' — X
defined by Q(t) = ¢(p). On the other hand, the ramification locus R C U
is locally isomorphic to Tp. So we can find a section R : U" — X so that
t(R(t)) = R(t), where U’ is a neighborhood of (0,0, Py). By shrinking
U, we can assume that the images of P(t), Q(t) and R(t) in P! x P! are
all near (0,0). By localizing on T', we can assume that there is a section
s of O(2R(t)) which is not constant when restricted to any fiber of .
By possibly further restricting 1" we can a map z of a neighborhood of
R to T x D over T so that

Using Lemma 3.7.4, we see:
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Lemma 4.4.1. T is smooth near (P, (0,0)) = ty. m: X — T is
a family of semi-stable curves . X, has 2n nodes and these nodes are
independent. The Iy, for k > 0 form a basis of the R m.(O) locally. Let
Ty be the subset of T defined by h = 0 and let X; = 7 1(Ty). Let V
be the physical bundle associated to R'm.(Ox,) Let f be a meromorphic
function V' defined on a neighborhood of the inverse image of to. Then
if f is constant on the fibers of the line bundle generated by

0=101+0d2+ "+ by,

then f is constant on the fibers of V.

At this point, we will make a choice of a line bundle M on T7. Note
that
T1CT0><P1><P1.

A point of T consists of an equation E € Ty and a point (x,y) with
E(x,y) = 0. So we can map ¢ : Ty — P! by ¢(E,z,y) = y. On the
other hand, locally around Py, we can find a map v : Uy — T} so that
v(Up) C R. Thus ~(Up) is a divisor on the inverse image U; of U in T7.
We let

M = ¢*(Op1(1)) ® Ov, (—7(Uo))-

We denote the pullback of M to X by M again. We now have a function
B(z,a1,a9,...,a,) defined locally on T7 —T5. Thus M restricted to the
curve {E =0} = C is just

¢"(Op1(1)) @ Oc(=R)

on the curve C(a1,aq,...,ay). This bundle has degree one on all the
vertical components of C'(aq, ag, ..., a,), but degree zero on the curve
{y* =}

4.5

Let b be a nonzero integer between —n and n. Let
Wi(a,y) = ((y° — 2)(z — b%) + (1 — 2bt)(y — b)?)).

Note that the point (b, b) is a node the curve W; = 0 for all t. Fixing
t, let (z1,y1) be a generic point of W; = 0. Let

S=T1]@—gx).
kb
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Let Z2 = (WiS, (z1,y1)) € T1. Our aim is to evaluate
B(Z,a1,00,...,a,).
We can find a map of ¢ ; : P! — P! by
_410752 —8wtb — b% + 2b%w — b*w?
(w+1)*

PYri(w) =

and g4 P! — P! by

_4wt2—8wtb+bt—262—bw2t+262w
(wt —t4+2b) (w+1)

Let ¢y = (¥14,%2¢) : P1 — P! x PL. Then v maps P! to the curve
W, = 0 and is in fact the normalization of this curve for ¢ generic.
Further, we have 11 +(0) = 1 4(00) = b? and 19+(0) = 12+(c0) = b, s0
0 and oo map to the node of W; = 0. Further, 11, is ramified at 1 and
in fact 14 (w) = ¥14(1/w). Now 1/ (00) = {~1,1 — 2b/t} = {Py, P»}.
Let C' C &), be the curve with equation W; = 0.

Let £ be any line bundle on X, which has degree zero on all the
irreducible components of X, .

Lemma 4.5.1. The natural restriction map ¢ : H*(X,, L& M) —
HY(C,L® M, ® O¢) is an isomorphism.

wz,t(w) =

Proof. Note that LM ,®0O¢ has degree one on a curve of arithmetic
genus one, while £L® M has degree n on a curve of arithmetic genus n.
Hence, we need only show that ¢ is injective. A section s in the kernel
of ¢ is a section of £ ® M, which vanishes on the curve C. The other
components of X, are all fibers of the projection of P! x P! onto the
first factor. As such, the degree of M, on these components is one. But
these components meet C' in two points. So the restriction of s to these
components is a section of a bundle of degree one which vanishes at two
points. Hence the section vanishes on all the vertical components, and
so s = 0. q.e.d.

For vy € P, let 1y (vg) = (w1, y1). We will develop conditions on the
gr. so that Z € T In fact, we will write g, as a function of vy and t. We

can write
1 1 1
Wy = —— — dz
2ri \z—gr 2z—1/gk

B 1 dz
27 oz

for k # 0, while

Wo
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We will consider g close to
b—k

b+k
The wy, are the pullbacks of the canonical differentials on curve in P! x
P! corresponding to Z. Then we have

v
(30) th/ Wi
1/vo
—i(lo (vo — gr) — log(1/vo — g)
= ori g{vo — gk g 0 — 9k

—log(vo — 1/g) + log(1/vg — 1/gk))

1 1 < vo — Gk >
= —log| ——— | .
v 1 — grvo
Note that we have chosen the usual branch of the log so that h; vanishes
when vg = 1. We have

V0
(31) hb :/ Wy

1/vo

1

=—1 .

- 1og(vo)

Next we choose g1,...,9—1, gp+1,--. so that
Hj, = k.

We do this by first choosing g1 as a function of vy and ¢ to make hy, = bh;.
Indeed, we can just take

b—1
1 Ol—UlH_l‘
0

Note that g; is analytic even when vy = 1 and in fact

b—1

N=h

when vg = 1. We can find similar formulas for g; in terms of vy for the
rest of the k which are not b. Let

R(t¢ Uo)(LU, y) = Wt(xa y) H(x - wl,t(gk’(vﬁa t)))
J#b



230 D. GIESEKER

Recall that

1 1
h = ghb = bin log(vo)

so that vy = exp(bimh). Then we can construct a map
P,:CxC—-T
by
(I)b(ha t) = (R(ta UO)a (xlv yl))
Note that ®,(0,0) = (P, (0,0)). Then ®y(h,t) € T. We will use Lem-
ma 3.5.1 to compute

B(‘I’b(h,t), a1, ... ,Cvn).

Let s = 2b/t — 1. Note that the pullback of M to curve C = {IW; = 0}
is Oc(¥(S)), where S = 7(s). Let = se*™. Then

—r+v 2 vas — 1) (—s + vn3
Bt o) = Evoxt 10))(—(30—1— ’Uo)z ((—:Ui v(())3))'

Let

-1+ B((I)b(h,t), A, ..., an)
H-= .
h? h=0

Then we can compute

_45(52ﬁ2—ﬁ—|—1—526)ﬂ'2

H - 9

(68— 1) (s—1)°
where

xz .

B == =exp(2iray).

s

So we get:
Lemma 4.5.2.

(dH) _2m(B—-1)b
dt ),y B ‘
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4.6

Recall that the family 7 : X — T depends on the integer n. (The
curves have bidegree (2,n + 1).) Let’s rename 1" as V,, and ®;, as ¢,
and ®,(0,0) = Q,,. We also define

Gbn(t) = Py (0,1).

We also denote N,, = V,, x C™. We claim that we can fit the N,, into a
compatible family. Our first task is to construct a map k,, : V;, — V1.
Let

Ton = H(P' x P, O(n +1,2)).

We map uy, : Ty, X C — Tppnt1 by

un(P, B)(2,y) = P(x,y)(x — B).

Here we will only deal with 3 near 1/(n + 1)? so the curve z — 3 = 0
will meet the curve P(z,y) = 0 transversally. Now we see that the fiber
Cn(P) of T, — Ty, over P is naturally a subcurve of the fiber of
Cr+1(un(P)), where T ,, is the universal curve over T ,. Thus we have
natural maps

ky Tl,n - T17n+1~

Further, the normalized differentials vy ,,4+1 on the curve Cp41(P) re-
strict to the normalized differentials vy, for £ = 1,...,n. So the func-
tions

P
hk,n(Paﬁ) = / Vg n+1
Q

on the curve Cy, (p g) are independent of 3 and in fact

P

hk,n(Paﬁ) = / Vk,n»
Q

where the latter integral is taken on the curve P(z,y) = 0. On the other
hand,
3 hn—l—l,n—l—l

0
9B hiny1 7

when [ is near
1
(n+1)2

by Lemma 4.5.2.
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Now
V., C T17n

is the set of (P, P) with P € C,(P) so that

P P
/ Vg = k/ Vin = khl,n-
L(P) L(P)

The functions k, map V,, — V,,41. Hence we have functions f,, and g,
on V,, x C™ which form a representation of D1,...,D,,.... Further,

£.(v, 21,21,y 2n) = fr1(kn(v), 21, . .oy 2Znt1).

We let V!, £! be the extended representations. (Definition 2.6.5.)

n» n

Let g/, be the meromorphic functions defined on (V, x C)N{h1,,} =0

gn(v,2) = g'Ln(v, 2,22,...,n2).

Lemma 4.6.1. The family {g],} is generic.

Proof. Let b be an nonzero integer between —n and n. Then Lem-
ma 4.5.2 shows that there are maps ¢y, from the disk D x C to V,, so

that
(875) 0,2) = 7(1 — exp(—2mibz)).

We can then consider V,, as a subset of V! = V,, x C by sending v to
(v,0) and hence we can consider ¢, as a map to V,, x C.When b =0,
we let

¢O,n($a Z) = ((Qr, 5)7 Z)

(‘W) (0,2) = 2.

Then

Theorem 4.6.2. There is a Q € Ro[[¢]] so that
D;(v — Q) € Ig.

Proof. We have constructed a representation satisfying the hypothe-
ses of Theorem 2.9.5. q.e.d.
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Theorem 4.6.3. The characteristic numbers of D1,...,D, are
1,3,...,2n — 1. Further, the span of Ego],...,El?} is the same of the
span of K1, ..., K, where the E,[CO} are the leading terms of a normalized

basis of the C[[e]] module M generated by the Dy. (Definition 3.4.6.)

Proof. Using Lemma 2.8.3 and Lemma 4.6.1, we can construct a rep-
resentation of Dy,..., D, satisfying the hypotheses of Corollary 3.4.7.
q.e.d.

5. Poisson structures

5.1
Let
Ry=C]J...,a_1,a0,a1,...,b_1,bo,b1,...]
and let
R = Ro[¢, ¢,

We say a monomial in the a; and l;l has weight 7 if the sum of the
subscripts of the a; and Bl sum to r. So the monomial alagé_g has
weight 0, as does (. Let I, C R be the C span of all the elements of
weight k. Let My be the ideal of Ry generated by

&Na&N-i-la"'7&—1\71&—]\7—17'"7bN7bN+1a"'7b—N7b—N—1>

i.e., a monomial is in My if it involves aj or by with |k| > N. We also
let My denote the induced ideal in R. Let I be the completion of I}
with respect to subspaces I N My as N — oco. Then

F=@i
k
is called the Fourier ring. F is naturally a graded ring.

5.2

Suppose we are given elements f, g of S=C]|z, 27 !]. We define a,(f,g) €
C to be the coefficient of 2™ in f and l;n(f, g) to be the coefficient of
2" in g. If P € F, we can extend these definitions to define P(f,g) €
Cl(,¢7Y. Soif f =Y auz” and g =Y B,2" and P € I}, then P(f,g)
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is the result of substituting «,, for a, and 3, for l;n in P. Note that
P(f,g) is well-defined. To check that two elements of F are equal,
all we have to do is to check that they induce identical functions on
S2. Also, if P € F[Z], then we can define P(f,g) € C[Z,(,(7]. We
denote by Fy the analogous construction for Ry. We can naturally map
U : F — Folle]] by sending ( to exp(2mie) considered as a formal power
series in €.

Suppose we have f € S and let N be a positive integer, which we
will think of as being large and let

(N = exp <2Nm> .

Tn(f)(n) = f(CN)
so Tn(f) : Z/N — C. Note that if N is sufficiently large depending on
f and k, then we can recover f from Tn(f), namely

Then we can define

TN (G

is the coefficient of z*.

Now suppose we have a polynomial P € S; (see Definition 2.2.1
for definition of S1) and let Cy be the set of C valued functions on Z
periodic of order N. We can then define

(32) P(F,G)(n) = P(...,F(n —1),F(n), F(n+1),...;
. ,G(n—1),G(n),G(n + 1))

Given f € Cy, we define

fy = 3 rh™

keZ/N

Now suppose we are given two elements Py, P, of S;. We can find a
continuous derivations Ep, p, of F with the property that for all f,g € S

if Bi(Tn(f),Tn(g)) = hin,

(gpl,P2 (&n)(.ﬂ 9))C:CN = iLl,N(n)

and

~

(ErnB)(1.0) _ = han(n)
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for all N sufficiently large depending on f and g and n.
We can construct a series of maps

fn: Rlle] = F1

with the properties

and

Zfl fn l

leZ

Then we have
fn(OP) = 2minfn(P).

Suppose we are given a tame derivation D of R][[e]] and a derivation
D of Ry[[€]].

Definition 5.2.1. We say D and D are compatible if

Proposition 5.2.2. Given D = Dpg for P,Q € S1, then there is
a unique compatible D. D maps the image of ¥ to itself and restricts
to Epg on the image of V.

5.3

Suppose we have a finite collection P of elements of S

Py, s Py s Pey Qs o, Qoy o Qi Ry .., Roy - o, Ry

Any polynomial with higher index is considered to be 0. Under some
conditions on P, we can attempt define a Poisson bracket { , }p» on
the functions Gy on C%, by asking that the bracket be a derivation in
each slot, be anti-symmetric and satisfy Jacobi’s identity. Further, let
Ag, Br € Gy be defined by

and

Bi(f,9) = g(k).
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Then we can define

(A, Ayp = Poi(o o Ay Apir s AL L)

{Ak, Bi}p = Qe—a(- ., Ak, Ay, .5, By, )
and ) X

{Bk, Bi}p = Rg—i(..., By, Bgy1,- -5, By, .. ).

Note the ~ in the above equations is the place holder. We will suppose
that { , }p defines a Poisson bracket on Gy for N sufficiently large.
We can define a modified bracket { , }p n by

{Alm Bl}P,N
1 1
:Qk—l ,_2+WAI§7 2+mAk+1,“"”.71+N2Bl’
Next define .
Arv =5 Y0 GMA
I€Z/N
and

Proposition 5.3.1. Suppose that{ , }p defines a Poisson bracket
on Gn for all N sufficiently large. Then there is a Poisson bracket
{, }p:FxF— Fl|Z] so that for f,g € S, then

{an, @}p(f,9))c—cy z=1/nv = {AkN, ALn e N (TN (), Tiv(9))

for all N sufficiently large with analogous formulas for {dk,i)l}’p(f, g)
and {b, bi}p(f, g)-
Given P € S1[Z], define Py : Cy x Cy — C by

1 F G
Py(F,G) = > P (—2 + 3 1t N2> () z=1/N-
neZ/NZ

Lemma 5.3.2. Suppose P € S1[Z]. Then there is a unique Hp in
F|Z] so that

Hp(f,9)c=cy, z=1/n = Pn(Tn(f), Tn(9))-

for N sufficiently large.
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Proposition 5.3.3.
({aw, Hp}(f, 9))c=cy, z=1/n8 = { Ak, PN HIN(f), Tn(9))

and

({br, Hp}(f, 9))e=cw, z=1/5 = {Br, PN }IN(f), Tn(9))-

Suppose that P € S;[Z] and f and g are in S. The function of
defined by

H(G) = P(f7 g)(:exp(Qm'e), Z=c
is an analytic function of € and for N sufficiently large,

H (;) = Pn(Tn(f),Tn(9))-
If
(33)

i ()| <xran,

for all N sufficiently large, then the first [ — 1 derivatives of H vanish.
We can attach a formal power series ¥(P) to P in Fy[[¢]] by setting
Z = € and setting ¢ = 1 + 2mie + --- = exp(2mie). If (33) holds for all
fyg € S, then the first [ — 1 derivatives of ¥(L) vanish.

5.4
We next calculate two Poisson brackets. Our first bracket is given by:
{Bn, An}p, = —2B,
{Bn-1,An}p, =2B,_1,

with all other brackets between the A; and Bj; being zero, except for
the obvious antisymmetric versions of these two formulas. We can now
compute:

A > 1 —In —m
(34)  {Ann. Bunlp = 15 {Zch ALYy ’“B(k)}
l k
1 —Un-r+m
= WZCN(I " k){AlaBk}
k,l

1 —Il(n+m —k(n+m n
ZWZCN“ B - S T By,
l k

2 .
= NBn—&-m(l _CJT\L/)v
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and all the other brackets zero except as obviously required by antisym-
metry.
For our second Poisson bracket { , }p, we take

{Ag, Agy1}p, =B

{Bi, Aps1}py = BrApi1
{B, Ap}p, = —Brp Ay

{Bk; Bry1}p, = BeBiy1.

Now we can calculate the appropriate Fourier brackets:

(35)
{Bn,N7 Bm,N}
= % {Z B¢, ZBkC_km}
l k
_ % Z{Bl’ Bk}c&ln_km

N2 Z{Bk—Ha )}CN (k+1)n— km+Z{Bk 1’Bk}<.N(k 1)n—km
k

_ W Z BiBi_1(C™ (k—)n—km _ BkBk+1<_(k+1)n_km
k

1 —kn— m — n—km
_ m Z BkBk—l-l(C kn—(k+1) _C (k+1)n—k )
k

1 D D —kn— m)+r S _ n—km-r s
- N2 > BBy (¢hnm bt m)trkts(iil) = (btn—kmirkts(iorl)

k,r,s

= X Z Brés(g_m-i_s - C_n+s)'
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1 n n—lm
= N2 (Z{BlaAHl}CNZ Hm +Z{BlaAl}<Nl : )
1 n n—lm
N(ZBZAH— CNlJrlJrl ZBZAZCNZ l )
1 In—Im
F Z Al+1<N - AZ)CN
l
1 A —m+rl+s(l+1)—In—Im +rl4+sl—In—Im
= > B (CN — )
lr,s
1 ® m—+s
=% B Ag (G —1).

~z
£
©
Il
3
T
3

Finally, we compute

37)  {Ann, Apn}
]\1{ IC&lkaAkC&km}
NLZ Al7Ak}C In—km

A A C_ln (FDm (A, Ay C_ln_l m
+

Z Blc&ln—(l-ﬁ-l)m . Bllc&ln_(l_l)m>

2|~
/\/\PT‘

—ln (I+1)ym4rl A —Iin—(1—1)m+r(-1)
B, _ B¢
N2 Z TSN

1 - —m -n
= NBn-i-m(CN _CN )

We will now investigate the bracket { , }o defined by { , }2 =
{, }»,. Note that if we have a continuous bracket

{, }:FxF—7Fl2)

then we have an induced bracket on Fy[[¢]] obtained by replacing Z by
e and ¢ by the formal power series exp(2mie). By abuse of notation, we
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continue to call the induced bracket by the some name as the original
bracket.
Let W; = Y{ and consider

Proposition 5.4.1. Let

X = lim ¥(Xpg).

R—oo
Then X is a Casimir for { |, }p,. The leading term of X in € is bo.
Proof. We will look at {a,, Xr} = Vr. Now

VR(f, 9)c=cn, z=1/N
Bl V(e
- ¥ (Z (D) 1 B (), TN<g>>).
r€Z/NZ \1=0
On the other hand,
N B
I1(1+ )

is a Casimir for { , }p, v, as was pointed out to me by Ali Kisisel. In
particular for N sufficiently large,

(39) Z {AP’B JPaN (730 (1), T (9))

N2

= Z {AP’B }7’2’ (Tn (), Tn(9))
r=0

- Z (Z <N§CN)) {p, Bobpaix (T (D). Ty >>>
Thus if we fix f and g and [, we can find a constant K(f,g) so that

\Va(f,9)e=cy. z=1/n] < K(f,g)N !

for NV sufficiently large. Thus the first [—1 derivatives of Vi (f, g) vanish.
Since this is true of any f and g, the first [ — 1 derivatives of Vy vanish.
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Thus {d,, X} = 0. A similar argument shows that {b,, X} = 0, so X is

a Casimir. q.e.d.
Suppose that Pj, P» and P are in S1[Z]. Suppose further that
{Ay, PxYpy = Pi(o oy Ag_1, Ak, Akyry oo o5 oo, Bro1, B, Brg, - - )
and
{Bi, PN}p.N = Pa(o o, Ap1, Apy Apity -5 o Br1, Bi, Biaas - - ),

with the " indicating place holder, not Fourier.

Proposition 5.4.2. £p, p,(a,) = {ap, Hp}p with a similar formula
for by,.

5.5

We get a series of derivations Dy of F[le]] compatible with Dy (see
Proposition 2.4.1). The Dy, all preserve the ideal Iy generated by

fn(v(o) - Q) = Ly.
On the other hand, we have two compatible Poisson brackets on Fo|[e]].
Let
Z(n) = exp(2mine).
The first is defined by
{in, bm}1 = (On—m + €bnsm) (1 — exp(2mein))

with all other terms zero except as dictated by the Poisson bracket
axioms. Thus we obtain

{éin, bm}1 = (—27ien)d,, _m + higher order terms in e.
In particular,

{Lp,L_p}1 = 0p,—m(—4mein) + higher order terms in e.
The second is defined by
(39)

{Bna i)m}2
== Z &' (b, )@ (bs) (exp(2mei(—m + s) — exp(2mei(—n + s))

n+m=r+s

1 . .
:g{bn)bm}PQ

M| =
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with analogous expression for {by, dm }2 and {an, am }2 from the Fourier
expressions for the second bracket { , }p,. First suppose that n+m = 0.
We can then compute

(40)

{bn, b_p Yo = (exp(2mei(n) — exp(2mei(—n))(1 + €2bg)?

+ Z e*b.bs(exp(2mei(n + s) — exp(2mwei(—n + 5)).
r+s=0,r#0

M

If n +m # 0, then

(41)  €{bn, bm}2 = Ebpim(Z(n) — Z(—n) — Z(m) + Z(—m))

+ higher order terms in e.
So we get
{Bn, l;m}g = Op+m,0(4min) + higher order terms in e.

We have similar results of {a,, l;m}Q and {ap, am }o.
Now
L,, = a, — b, + higher order terms in e.

So
{Ly, L_,}2 = 16mind,, ., + higher order terms in e.
5.6

Ideally, our object would be to define induced brackets on F[[e]]/Ig =
Folle]]. We will define brackets on a somewhat different ring S. First,
let Jg be the ideal generated by the L, for ¢ # 0 and Ié the ideal
generated by Jg and the Casimir

X
X, =2
1 2

Our aim is to define a well-defined bracket { , }o on Fo[le]]/I;. Now
for each ¢t € C, the ring F[[¢]] has an automorphism ¢; defined by

¢(dn) - dn + t(sn,O

together with
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Our first bracket behaves in the following way under ¢:

{¢(a), 6(b)}1 = ¢fa, b1

Further, there are Hy € F[[e]] so that the vector fields obtained by
bracketing with the Hj with either bracket have the same span as the
derivations of F[[e]] compatible with Dz, (see Equation (3)). Further,
the Hy all commute with respect to either bracket and because of The-
orem 1.0.1, bracketing with Hj, with respect to either bracket preserves
the ideal I. Further,

¢u(Hy) = Hy + > Cra(t)H,,
1<k

where the Cj; € Cl[e]][t].

Proposition 5.6.1. Bracketing with the Hy with respect to either
bracket preserves the ideal Jg.

Proof. Note that ¢¢(L,) = Ly + td,o. We want to show that
{Hy, Ly}1 € Jg for p # 0. We work by induction on k. We have that the
first H, namely Hy = Gg is a Casimir for the first bracket. So we have
the first step of the induction. But modulo Jg, G = {Hj, Ly} is then
invariant under ¢;. But G = XLy +Y where Y € Jg. Let Jn be the
closure of the ideal generated by Jg and all the by, for |m| > N. ¢4(G)
reduces to a polynomial of positive degree in ¢ in the ring F|[e]]/In|[t]
if X ¢ Jn. Note F[[e]]/JIn is an integral domain. In fact, F[[e]]/Tn is
just Clao, b_n,...,bn][[€]]. But ¢:(G) is invariant, so X € Jy for all
N, which implies that X € Jg and so G € Jg. q.e.d.

If P € Folle]] and P € Fy[[e]]/Jg is the image of P, then we define
a good extension of P modulo €" to be an element P’ € Fo[[e]] so that
{Lq,P'}i € (Jg + €") for ¢ # 0. An extension is good if it is good
modulo €” for all positive n. It is easy to see that good extensions exist.
Suppose we have constructed a good extension P,, modulo €". Then we
can try

Py =Po+ ™Y Wyl
q7#0

for W, € Fp. Bracketing through by L, for r # 0 allows us to choose
the W, uniquely so that P, is good modulo €"*1. Thus we can find
a good extension of P. Given P,P € Follel]/Jg, we can define their
bracket by taking good extensions P and P’ of P and P’ and taking
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their bracket in F([[e]] and then reducing modulo Jg. This construction
gives a well-defined bracket {P,Q}2 on F[[e]]/Jq. Now Ij, is obtained
from Jg by adding the Casimir X; so we get an induced bracket on
Fllel]/ 1. For a given n # 0, define

A A 1  ner  En’n? n 3k\ Ly
— b — — L 2 - = S b —Kk 7

is the good extension of b™ modulo €3 for the second bracket. For n = 0,

let
N 1 .
Bo = 3 (ao + bo) + 3 kZ#)Lkb—k-

Theorem 5.6.2.
{Bn, Bm}Q =3 (W(n — m)Bn+m - 5n,,m7r3n3 mod e3> .

The ring Fle]]/ I, is generated topologically by the images of B, and
€. Further, all the Hy, still Poisson commute in this extension of the
Virasoro algebra.

6. Convergence?

6.1

Let @ be the element of Ry[[e]] we have constructed in Theorem 4.6.2.
As in [5], we can compute the coefficients Q,, € R of Q. If ¢ is a periodic
function analytic on R, we can ask when the power series

(42) > Qu(9)()e"
k=0

converges for z € R. Suppose that
(43) 9™ (2)] < nl,

where ¢(") indicates the n'" derivative of g. For n < 23, I calculated
Qn(g) using Maple and got a bound |@Q,(g9)(z)| < K, for z € R by
replacing each of the terms in @, by the obvious estimate using (43).
Here are the decimal values of K,,.
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n K,
2 .500
3 .375
4 .359
5 .312
6 .300
7 .289
8 .283
9 .288
10 .285
11 .305
12 .312
13 .348
14 .387
15 .452
16 .634
17 .756
18 1.70
19 1.95
20 7.81
21 8.46
22 53.2
23 55.2

In order for 42 to converge for ¢ < 1/T all we would need is that
K, < T". On the basis of the fact that we have constructed many
functions g coming from algebraic geometry for which 6.1.1 converges
and the fact that the K, appear to be growing not too fast, I believe
there should be some general convergence property of Q. (Calculating
the case n = 23 used over a gigabyte of memory and took over 500 hours
on a Sun Enterprise.)

References

[1] N. Ashcroft & N. Mermin, Solid State Physics, Saunders College, 1976.

[2] L.A. Dickey, Lectures on classical W-algebras, Acta Appl. Math. 47 (1997) 243—
321, MR 98d:58080, Zbl 0882.58024.


http://www.emis.de/cgi-bin/MATH-item?0882.58024
http://www.ams.org/mathscinet-getitem?mr=98d:58080

246 D. GIESEKER

[3] E. Frenkel, Deformations of the KdV hierarchy and related soliton equations, In-
ternat. Math. Res. Notices, 1996, 55-76, MR 97d:58094, Zbl 0860.17033.

[4] E. Frenkel & N. Reshitikhin, Quantum affine algebras and deformations of the Vi-
rasoro and W algebras, Comm. Math. Phys. 178 (1996) 237-264, MR 98a:17042,
Zbl 0869.17014.

[5] D. Gieseker, The Toda hierarchy and the KdV hierarchy, Comm. Math. Phys.
181 (1996) 587603, MR 97g:58076, Zbl 0867.35096.

[6] R.Lin, W.-X. Ma & Y. Zeng, Higher order potential expansion for the continuous
limits of the Toda hierarchy, J. Phys. A, 2002, 4915-4928, MR 2003h:37118.

[7] P.van Moerbeke & D. Mumford, The spectrum of difference operators and algebraic
curves, Acta Mathematica 143 (1979) 93-154, MR 80e:58028, Zbl 0502.58032.

[8] D. Mumford, Abelian Varieties, Oxford University Press, 1974, Zbl 0326.14012.

DEPARTMENT OF MATHEMATICS
UCLA


http://www.emis.de/cgi-bin/MATH-item?0326.14012
http://www.emis.de/cgi-bin/MATH-item?0502.58032
http://www.ams.org/mathscinet-getitem?mr=80e:58028
http://www.ams.org/mathscinet-getitem?mr=2003h:37118
http://www.emis.de/cgi-bin/MATH-item?0867.35096
http://www.ams.org/mathscinet-getitem?mr=97g:58076
http://www.emis.de/cgi-bin/MATH-item?0869.17014
http://www.ams.org/mathscinet-getitem?mr=98a:17042
http://www.emis.de/cgi-bin/MATH-item?0860.17033
http://www.ams.org/mathscinet-getitem?mr=97d:58094

